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Microlenses are becoming more widely used in modern optical equipment. When
the microlens diameter is comparable with the incident electromagnetic illumination
wavelength, diffraction effects through the microlens aperture dominate and significantly
affect the microlens optical properties leading to differences from that predicted by
ordinary geometrical optics theory. In this work, the continuous-profile symmetrical
biconvex microlens is selected for investigation. Its optical properties, with both
monochromatic plane wave and TEM00 mode Gaussian beam illumination, are studied
using the full-field Separation-of-Variables method (SVM) in the oblate spheroidal
coordinate system by calculating the electromagnetic field distributions inside of and
adjacent to the microlens. The microlens optical properties are also compared with the
corresponding geometrical optics theory.
The investigations and discussions include the focusing properties of a single
microlens with monochromatic plane wave illumination, the beam transformation
properties of a single microlens with monochromatic TEM00 mode Gaussian beam
illumination, the axial combination properties of dual microlenses with monochromatic
plane wave and TEM00 mode Gaussian beam illumination, the interference properties

between

dual

parallel-arranged

microlenses

with

monochromatic

plane

wave

illumination, and the imaging properties of a single microlens with monochromatic plane
wave and TEM00 mode Gaussian beam illumination. The optical properties of microlens
optical systems are found to be similar to that given by the geometrical optics theory. The
microlens actual focal length is measured for different profile and diameter microlenses
and is compared with its corresponding geometrical focal length. It is shown that the
microlens actual focal length is an important parameter and can be used to describe and
approximately formulate the microlens optical properties. The transmitted beam waist
position through a microlens calculated using the Rayleigh Range method (RRM) with
the microlens actual focal length closely matches the exact value determined using the
Separation-of-Variables method in the oblate spheroidal coordinate system. The axial
combination properties of dual microlenses with monochromatic plane wave illumination
and the imaging properties of a single microlens can also be described using the
geometrical imaging formula with the microlens actual focal length.
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Chapter 1. Introduction

Optical elements are widely used in the laboratory experiments and commercial
applications. The regular-size optical element is most commonly used and its optical
properties can be accurately described using classic geometrical optics theory [1]. Due to
the relatively large size and weight, regular-size optical elements are prohibited from
high capacity and minimized optical equipment applications. With the development of
micro- and nano- fabrication technology [2] in the past few decades, a new type of optical
element is fabricated in the micro scale, which is called the “micro optical element”, with
its characteristic size on the order of the optical wavelength. This new type of micro
optical element has raised great research interests for its novel optical properties and
minimized size and weight.
As the characteristic size of the micro optical element is comparable with the
optical wavelength, based on the Huygens-Fresnel diffraction theory, the Fresnel
diffraction effect [3] through the micro optical element aperture becomes relatively
strong in comparison with that through the regular-size optical element and leads to
optical properties quite different from that given by geometrical optics theory.
Fundamentally, the investigation of the optical properties of micro optical element is
equivalent to the study of the interaction of micro optical element with electromagnetic
waves. The computational electromagnetics method can be applied to investigate this
interaction by calculating the electromagnetic field distributions inside of and adjacent to
the micro optical element. The corresponding optical properties of the micro optical
element can then be deduced from the calculated electromagnetic field distributions. The
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optical properties of different type and profile micro optical elements have been
previously investigated using diverse analytical and computational methods. While the
systematic research work on the optical properties of micro optical systems has not been
conducted before. In this dissertation, the three-dimensional continuous profile
symmetrical biconvex microlens is considered. The frequency domain full-field
analytical oblate spheroidal coordinate system Separation-of-Variables method (SVM)
[4] is applied to study the optical properties of microlens optical systems with
monochromatic plane wave and TEM00 mode Gaussian beam illumination.
In Chapter 1, an overview of the analytical and numerical computational
electromagnetics methods and a review of the research progress on the optical properties
of the micro optical element are presented. In Chapter 2, the oblate spheroidal coordinate
system and the geometry of the three-dimensional continuous profile symmetrical
biconvex microlens are described first. Then brief introduction to the Separation-ofVariables method (SVM) in the oblate spheroidal coordinate system follows. The two
types of illumination sources used in this work, monochromatic plane wave and TEM00
mode Gaussian beam, are also introduced. In Chapter 3, the focusing properties of a
single microlens with arbitrary monochromatic plane wave illumination are studied. The
beam transformation properties of a single microlens with monochromatic TEM00 mode
Gaussian beam illumination are also discussed. In Chapter 4, the axial combination
properties of dual microlenses with monochromatic plane wave illumination are
investigated. In Chapter 5, the beam transformation properties through dual microlenses
with monochromatic TEM00 mode Gaussian beam illumination are studied. In Chapter 6,
the

interference

properties

between

dual

parallel-arranged

microlenses

with
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monochromatic plane wave illumination are studied. In Chapter 7, the imaging properties
of a single microlens are investigated by studying the image of a transparent spherical
particle created by the microlens with monochromatic plane wave and TEM00 mode
Gaussian beam illumination. Current work is summarized and the future work is
discussed in Chapter 8.

1.1 Computational electromagnetics method
The Maxwell’s equations [1] are the foundation of modern optics theory and
directly relate the electromagnetic field components at each point of the computation
domain. If the electromagnetic field distributions inside of and adjacent to the micro
optical element are known, the corresponding optical properties of micro optical element
can be deduced. Currently there are several prevailing computational electromagnetics
methods that have been commonly used to solve the Maxwell’s equations and study the
optical properties of micro optical element, e.g., the Finite Difference Time Domain
method (FDTD) [5], the Finite Element method (FEM) [6], the Boundary Element
method (BEM) [7] and the Separation-of-Variables method (SVM) [4,8].
The Finite Difference Time Domain method (FDTD) [5] is a time domain
numerical method and commonly used to simulate the transient propagating process of
electromagnetic waves through multiple optical elements. This method is theoretically
simple and developed based on the Yee’s lattice [9] by rewriting the Maxwell’s equations
using the central finite difference method in a leapfrog structure. By iterating the finite
difference formulations for the electric field and the magnetic field alternatively, the
vector electromagnetic field distributions in each time step can be obtained. It has the
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strength of being able to simulate micro optical elements of complex geometry and nonlinear material properties. The accuracy of this method depends on the fineness of the
mesh. As the computation domain and the mesh number increase, the computation load
and the requirement of the computation memory grows quickly, especially for threedimensional objects. Meanwhile as this method is a time domain method, in order to
obtain the stable electromagnetic response under the prescribed illumination source, it is
required to start from time zero and iterate the computation process through each time
step until the electromagnetic field distributions in the domain reach the steady state.
The Finite Element method (FEM) is a very powerful and versatile method and
has been widely applied in diverse problems including the simulation of electromagnetic
wave propagations [6]. The recent development in the Finite Element method enables it
to simulate the open boundary problem much better with the addition of Perfect Match
Layer (PML) [10] into the formulation. This method is a frequency domain numerical
method and has the strength of handling complex geometry, nonlinear material property
objects. However, it requires complex computation domain discretization, mesh
generation, elements assembling and large dense matrix manipulation. The Boundary
Element method [7] is one of the most commonly used methods in the analysis of simple
geometry binary and multi-level structure diffraction micro optical elements. This
method has the synonym of “Method of Moments” and relies on the availability of the
specific Green’s functions for different geometry micro optical elements. The application
of this method is limited by the capability of deriving the corresponding Green’s
functions for the complex geometry objects.
In Computational Electromagnetics, the Separation-of-Variables method (SVM)
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is one of the most powerful frequency domain analytical methods and could be only used
in the orthogonal coordinates, e.g., Cartesian coordinates [11], Spherical coordinates
(Lorentz-Mie Theory [1]) and Spheroidal coordinates. The microlens used in this
investigation is a near oblate spheroidal particle and its geometry is best described in the
oblate spheroidal coordinate system. Thus the Computational Electromagnetics method
used in this dissertation is the Separation-of-Variables method [4,8] in the oblate
spheroidal coordinate system.
For the SVM in the oblate spheroidal coordinate system, it is assumed that [12]
mathematically the scattered and internal electromagnetic field components adjacent to
and inside of the microlens can be expressed separately as the summation of independent
series expressions. By applying the boundary condition that the tangential
electromagnetic field components are continuous on the microlens boundary, the
expressions of the scattered and internal electromagnetic field components can be
determined from the prescribed incident electromagnetic illumination. Theoretically, the
incident illumination can be of any form, e.g., monochromatic plane wave illumination, a
laser beam, or the electromagnetic field scattered by adjacent particles which enables the
calculation of the interactions among the components of a multiple microlenses optical
system. Moreover, the obtained scattered and internal electromagnetic field expressions
are continuous analytical results, and can be used to calculate the full-field
electromagnetic field distributions to any order of resolution, which is not feasible for the
FDTD and FEM methods.
The SVM also has the advantage of fast convergence in comparison to the FDTD
and FEM methods. In the case of the on-axis normal illumination setting, the
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computation process can be further simplified and accelerated by using the axial
symmetrical property of the microlens. While each computational electromagnetics
method has its strengths and weaknesses. The SVM is developed based on the spherical
Bessel and Legendre functions [4]. These two functions have singularity points and
convergence problems. The computation is difficult to converge in case that the angle of
incidence of the incident illumination reaches to 90 degrees, the microlens is extremely
flattened or elongated, or the microlens diameter grows very large. This method is limited
to the near oblate spheroidal particle. For the microlens with plano or concave surface,
currently this method has the problem of convergence. Even though the SVM in the
oblate spheroidal coordinate system has several weaknesses and limitations, it is still a
highly efficient, accurate and competitive method in the investigation of the optical
properties of the continuous-profile symmetrical biconvex microlens of relatively small
characteristic size.

1.2 Review of micro optics research
Micro optical elements generally include all optical elements of the micro and
nano characteristic size. It can be divided into the open boundary element and the closed
boundary element, and the continuous profile element and the discrete-level profile
element, based on whether the optical element boundary is closed or continuous. The
research on the optical properties of micro optical elements initially started from the
investigation of the diffraction effect through gratings [13-16], which is shown in Fig.
1.1. As the grating size becomes comparable with the incident illumination wavelength,
the diffraction effect through the gratings is dominant and controls the optical properties
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of the gratings. The effect of the grating geometry on the transmitted and diffracted
electromagnetic field distribution was discussed.

Fig. 1.1: Geometry of the thick strip gratings [14].
Based on the knowledge and research of diffractive gratings, the cylindrical multilevel diffractive dielectric lens array, which is shown in Fig. 1.2, was constructed and its
optical properties were investigated [17]. The multi-level diffractive dielectric lens array
exhibits a similar focusing property as the regular Plano-Convex lens and converges the
incident illumination into a focus on the shadow side of the lens. As the diffracted
electromagnetic field through a single diffractive grating is relatively easy to compute,
the Fresnel lens [18], which is shown in Fig. 1.3, is usually approximated using the multilevel diffractive gratings in order to simplify the calculation of the diffracted
electromagnetic field distribution. The more discrete grating levels used, the closer the
optical properties of the multi-level gratings approach the actual optical properties of the
Fresnel lens.
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Fig. 1.2: Geometry of a cylindrical multi-level diffractive lens array [17].

Fig. 1.3: Fresnel lens and its step approximation [18].
In addition to the multi-level diffractive lens, the binary structure diffractive lens
[19] can also be used to approximate the Fresnel lens and exhibits similar optical
properties as the multi-level diffractive lens. For the multi-level diffractive lens, the
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height and width of each grating can be different and are determined by the Fresnel lens
profile. For the binary structure diffractive lens, the height of each grating is the same
while the width and gap of the binary structure are different. By controlling the width and
gap of each binary grating, the binary structure microlens will exhibit similar optical
properties as the original micro optical element. The profiles of the two different kinds of
diffractive lenses, the multi-level diffractive lens and the binary structure diffractive lens,
and the corresponding electric field magnitude distributions adjacent to the lenses are
presented in Fig. 1.4. Extensive research has been performed on the multi-level and
binary-structure microlenses [20-24] to investigate the effects of the grating profile and
the incident illumination setting on the optical properties of micro optical elements.
Different profile and material closed-boundary microlenses have already been
considered for investigation. The focusing property of the two-dimensional continuous
profile biconvex dielectric microlens [25] was analyzed using the analytical
approximation formula by calculating the electric field magnitude profile/distribution
along the symmetrical axis and in the shadow side of microlens. The focal shift effect
through the two-dimensional continuous profile biconvex microlens [26] was also
discussed. It is caused by the diffraction effect through the microlens and appears as a
difference between the microlens actual focal length and the microlens geometrical focal
length. The focusing performance of the continuous profile Plano-Convex microlens [27]
was investigated using the diffraction integral method. For the continuous profile
anisotropic spherical microlens [28], its focal length was demonstrated to be variable by
changing the microlens material property. The focus length of the Plano-Concave
microlens [29] can be very short by using a negative refractive index material. The
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(a)

(b)
Fig. 1.4: The electric field magnitude distributions adjacent to (a) the eight-level
diffractive microlens and (b) the binary structure microlens [19].
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focusing property of the continuous profile Plano-Convex microlens [30] was found to
depend on the incident direction of the illumination (from the plano surface or the convex
surface). The effect of the material properties (isotropic [31] and anisotropic [32]) on the
optical properties of the open-boundary Plano-Convex microlens, which is shown in Fig.
1.5, was also considered.

Fig. 1.5: Two region open boundary continuous profile microlens [31].
The interference effect between parallel-arranged microlenses, which are shown
in Fig. 1.6, has also been considered [33,34,35]. When the microlenses are placed closely
with each other, the diffracted and transmitted electromagnetic fields through the
microlens overlap with each other and finally change the focusing properties of the
microlens. The effects of the incident illumination wavelength, the individual microlens
size, the refractive index of the microlens and the space between the microlenses on the
interfered electromagnetic field distributions were investigated.
In addition to the above researches of different profile and material micro optical
elements, the analytical method, SVM in the spheroidal coordinate system, has been
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previously applied to investigate the interactions of a single non-absorbing pure
spheroidal particle [36], a single absorptive pure spheroidal particle [37], a single nonabsorptive irregularly shaped near-spheroidal particle [38] and a single absorptive oblate
particle [39] with monochromatic plane wave and TEM00 mode Gaussian beam
illumination. These researches solely emphasized on the demonstration of the capability
to use the SVM method in the spheroidal coordinate system to simulate the interaction of
near or pure spheroidal particle with monochromatic plane wave and TEM00 mode
Gaussian beam illumination.

Fig. 1.6: Arrangement of the dual open-boundary diffractive microlenses [33].
In summary, the previous investigations of the optical properties of micro optical
elements were emphasized on the focusing properties of single micro optical elements of
different types and profiles, and the interference effects between parallel-arranged micro
optical elements with monochromatic plane wave illumination. A systematic study of the
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optical properties of micro optical elements is presented in this work. The microlens used,
which has a three-dimensional continuous symmetrical biconvex profile, is different from
that used in previous research works. The focusing and beam transformation properties of
a single microlens are investigated first. The microlens axial combination, interference
and imaging properties with monochromatic plane wave and TEM00 mode Gaussian
beam illumination are also discussed and compared with the corresponding geometrical
optical properties.
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Chapter 2. Introduction to the Separation-of-Variables
Method in the Oblate Spheroidal Coordinate System

2.1 Spheroidal coordinate system
The spheroidal coordinate system consists of three orthogonal coordinates: the
spheroidal radial coordinate ξ , the spheroidal angle coordinate η and the azimuthal
angle coordinate φ [4]. This coordinate system is commonly used to describe nearspheroidal objects and can be expressed either as the prolate spheroid coordinate system
or the oblate spheroid coordinate system, which are shown in Fig. 2.1 and Fig. 2.2,
respectively. A prolate spheroid is an elongated sphere and can be constructed by simply
rotating an ellipse about its major axis, while an oblate spheroid is a flattened sphere and
can be constructed by rotating an ellipse about its minor axis. In the prolate spheroidal
coordinate system, the spheroidal radial coordinate ξ is in the range of [1, ∞ ], the
spheroidal angle coordinate η is in the range of [-1,1] and the spheroidal azimuthal angle

φ is in the range of [0, 2π ]. In the oblate spheroidal coordinate system, the spheroidal
radial coordinate ξ is in the range of [0, ∞ ], the spheroidal angle coordinate η is in the
range of [-1,1] and the spheroidal azimuthal angle φ is in the range of [0, 2π ].

2.2 Oblate spheroidal coordinate system and microlens geometry
The symmetric biconvex microlens used in this dissertation has a near-oblate
geometry and is best described using the oblate spheroidal coordinate system. Thus only
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the oblate spheroidal coordinate system is discussed in detail here. In the following
discussions, all the lengths and coordinates in the Cartesian coordinate system are
nondimensionalized by the semi-focal length f semi which is half of the inter-focal
distance of the oblate spheroidal coordinate system.

Fig. 2.1: Prolate spheroidal coordinate system [4].
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Fig. 2.2: Oblate spheroidal coordinate system [4].
The Cartesian coordinates are related to the oblate spheroidal coordinates as
x=
[(1 − η 2 )(ξ 2 + 1)]1/2 cos φ

(2.1)

y=
[(1 − η 2 )(ξ 2 + 1)]1/2 sin φ

(2.2)

z = ξη

(2.3)

On the surface of a pure oblate spheroid, the spheroidal radial coordinate ξ 0 is a constant.
The semi-major axis length a of the pure oblate spheroid equals

ξ 0 2 + 1 and the semi-

minor axis length b of the pure oblate spheroid equals ξ 0 . The symmetric biconvex
microlens used in this work is modified from the pure oblate spheroid and a typical
microlens profile in the X-Z plane is shown in Fig. 2.3. As shown, the symmetrical
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biconvex microlens consists of two symmetrical biconvex spherical surfaces connected
with a 4th order smooth polynomial surface at the dash lines. The chord length of the two
spherical surfaces equals 90% of the microlens diameter and the edges of the two
spherical surfaces are placed on the surface of the original pure oblate spheroid. The
R / D ratio of the radius of curvature R of the microlens spherical surface to the

microlens diameter D is set to be half of the corresponding oblate spheroid axis ratio
a/b.

Fig. 2.3: Microlens profile in the X-Z plane.
In terms of the oblate spheroidal coordinates, the mathematical expression of the
two symmetrical biconvex spherical surfaces of microlens can be expressed as

ξ1 (η ) =−( R − b′) η + [η 2 ( R − b′) 2 + 2 Rb′ − (b′) 2 − 1 + η 2 ]1/2 , η ≥ η0

(2.4)

where b′ is the microlens semi-minor axis length, R is the radius of curvature of the two
microlens spherical surfaces and η0 is the spheroidal angle where the two symmetric
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biconvex spherical surfaces terminate and connect with the 4th order smooth polynomial
surfaces. R is prescribed. By satisfying the two conditions that 1) the edge of the two
spherical surfaces is on the surface of the pure oblate spheroid and 2) the chord length of
the two spherical surfaces equals to 90% of microlens diameter, η0 and b′ can be
determined.
Similarly, the 4th order smooth polynomial surface connecting the two spherical
surfaces can be expressed as

ξ2 (η ) = C4η 4 + C2η 2 + C0 , η ≤ η 0

(2.5)

By applying the following three boundary conditions,

ξ2 (0) = ξ0

(2.6)

ξ 2 (η0 ) = ξ1 (η0 )
dξ
|
dη

=

(2.7)

dξ
|
dη

2
1
=
η η=
η η0
0

(2.8)

the three unknown coefficients of the 4th order smooth polynomial surface can be
determined which are
C0 = ξ 0

C2 =

C4 =

η04

(2.9)

d ξ1
|η =η0 −4η03 [ξ1 (η0 ) − ξ 0 ]
dη
−2η05

2η0 [ξ1 (η0 ) − ξ 0 ] − η02
−2η05

d ξ1
|η =η0
dη

(2.10)

(2.11)

In this dissertation, four different profile microlenses are selected for investigation and
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comparison, and are shown in Fig. 2.4. The R / D ratio of these four different profile
microlenses are equal to 1.0, 1.5, 2.0 and 2.5, respectively. These four different profile
microlenses are modified from the pure oblate spheroids of 2.0, 3.0, 4.0 and 5.0 axis
ratios, respectively.

Fig. 2.4: Microlens profiles of four different R / D ratios. From left to right, the R / D
ratio equals 1.0, 1.5, 2.0 and 2.5, respectively.
2.3 Separation-of-Variables method in the oblate spheroidal coordinate system
The Maxwell’s equations are the foundation of modern optics theory. These four
equations directly relate the electromagnetic field components of each point in the
computation domain. Once the electromagnetic field distributions inside of and adjacent
to the microlens are known, the optical properties of microlens can then be determined. In
the following discussions, it is assumed that both the microlens and the surrounding
medium are homogeneous, isotropic, source-free and non-absorptive. Then the
Maxwell’s equations [12] in the Cartesian coordinate can be simplified as
jωµ H = ∇ × E

(2.12)

− jωε E = ∇ × H

(2.13)
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∇ ⋅E =0

(2.14)

∇ ⋅ H =0

(2.15)

where E is the electric field vector, H is the magnetic field vector, j is the imaginary
unit, and ε and µ are the electric permittivity and the magnetic permeability of the
medium. An implicit time dependence exp(− jωt ) is assumed for the electromagnetic
field components. Combine Eq. (2.12) and Eq. (2.13) together and nondimensionalize the
vector calculus operators of two obtained vector Helmholtz equations relative to the
semi-focal length f semi . The resulting vector Helmholtz equations are
(∇ 2 + h 2 )E =0

(2.16)

(∇ 2 + h 2 )H =0

(2.17)

where h is the spheroidal coordinate size parameter and equals kf semi . k is the wave
number of the electromagnetic wave.
As described by Stratton [12], the solutions of the above two vector Helmholtz
equations can be constructed separately from the scalar solutions of the corresponding
scalar Helmholtz equation. The corresponding scalar Helmholtz equation is
(∇ 2 + h 2 ) ∏ =0

(2.18)

The SVM in the oblate spheroidal coordinate system is applied to solve the above scalar
Helmholtz equation. As described by Flammer [4], the eigenfunctions of the scalar
Helmholtz equation in the oblate spheroidal coordinate system can be expressed as

∏l ,m =
Sl ,m (h,η ) Rl(,βm) (h, ξ ) exp( jmφ )

(2.19)

where Sl ,m (h,η ) is the spheroidal angle function, Rl(,βm) (h, ξ ) is the spheroidal radial
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function, and exp( jmφ ) is the azimuthal angle dependence. m and l are the integer
indices. Usually, − M < m < + M , and for a specific m index, m < l < + L . M and L are
the upper limit of m and l indices. By choosing large enough M and L indices, the
computation converges. β stands for the type of spheroidal radial function used. There
are four kinds of spheroidal radial functions. For the scattered electromagnetic field
adjacent to the microlens, the third kind of spheroidal radial function Rl(3)
, m ( h, ξ ) , which
(2)
equals Rl(1)
, m ( h, ξ ) + Rl , m ( h, ξ ) , should be used as it corresponds to an outward propagating

wave. For the internal electromagnetic field inside of the microlens, only the first kind of
spheroidal radial function Rl(1)
, m ( h, ξ ) should be used as the second kind of spheroidal
radial function is singular when ξ equals zero.
The corresponding eigenvalue λl ,m can be evaluated using the Bisection method
developed by Wilkinson and Hodge [40,41]. This Bisection method transforms and
simplifies the original eigenvalue computation problem into one that corresponds to the
symmetric tri-diagonal matrix, which only involves multiplication and is much quicker
and much more accurate in comparison with the numerical methods described by
Flammer [4].
Based on the obtained eigenfunction solutions of the scalar Helmholtz equation,
the independent solenoidal vector eigenfunction solutions ( M l ,m , N l ,m ) of the
corresponding vector Helmholtz equation [12]
(∇ 2 + h 2 )Π =0

(2.20)
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are constructed as
M l ,m = ∇ × (r ∏lm )

1
∇ × M lm
h

N l , m=

(2.21)
(2.22)

where r is the position vector.
Then the scattered electromagnetic field components outside of the microlens are
given as
=
E( s )

∑ [a

l ,m

l ,m

N l(,sm) + bl ,m M l(,sm) ]

H(s) =
− j ε ext ∑ [al ,m M l(,sm) + bl ,m N l(,sm) ]

(2.23)
(2.24)

l ,m

and the corresponding scalar Helmholtz solution for the scattered electromagnetic fields
is

∏l(,sm) =
Sl ,m (hext ,η ) Rl(3)
, m ( hext , ξ ) exp( jmφ )

(2.25)

where hext is the spheroidal coordinate size parameter for the external electromagnetic
field and equals kext f semi . ε ext is the dielectric constant of the external field and equals the
relative electric permittivity in vacuum ( = 1.00 ) in this dissertation. The superscript s
stands for the scattered electromagnetic fields.
The internal electromagnetic field components inside of the microlens are given
as
=
E( w )

∑ [c
l ,m

l ,m

N l(,wm) + dl ,m M l(,wm) ]

H ( w) =
− j ε ext n∑ [cl ,m M l(,wm) + dl ,m N l(,wm) ]
l ,m

(2.26)
(2.27)
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and the corresponding scalar Helmholtz solution for the internal electromagnetic fields is
given as

∏l(,wm) =
Sl ,m (hin t,η ) Rl(1)
, m ( hin t, ξ ) exp( jmφ )

(2.28)

where hint is the spheroidal coordinate size parameter for the internal field and equals
kint f semi = nkext f semi . n is the relative refractive index of the microlens to the external
medium. The superscript w stands for the internal fields inside of the microlens.
The expressions of the incident electromagnetic field components are known. The
four unknown expansion coefficients ( al ,m , bl ,m , cl ,m , dl ,m ) can be determined by applying
the boundary condition that the tangential electromagnetic field components are
continuous over the microlens’ surface. On the pure oblate spheroid’s surface, the
spheroidal radius ξ is constant and its direction is normal to the oblate spheroid surface
as shown in Fig. 2.2. The direction of the spheroidal angle η is tangential to the oblate
spheroid surface. While on the microlens’ surface, these two orthogonal coordinate
components are no longer normal or tangential to the surface. In order to apply the
boundary condition that the tangential electromagnetic field components continue on the
microlens’ surface, an auxiliary coordinate system is required [38]. Let ŝ and φˆ be the
two unit vectors tangential to the microlens’ surface and also be perpendicular with each
other. The direction of the φˆ component is the same as that of the spheroidal azimuthal
angle. Let n̂ be the unit vector perpendicular to the microlens’ surface. Then the
spheroidal radial vector component ξˆ and the spheroidal angle vector component η̂ of
any vector A on the microlens’ surface can be related to the ŝ and φˆ vector components
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of the vector A as
=
A s sin θ Aξ + cos θ Aη

(2.29)

=
A n cos θ Aξ + sin θ Aη

2.30)

where θ = tan −1{[(1 − η 2 ) / (ξ 2 + 1)]1/2

∂ξ
} . The subscripts s and n stand for the ŝ
∂η

direction and n̂ direction vector components. The subscripts ξ and η stand for the
spheroidal radius vector and the spheroidal angle vector.
On the microlens’ surface, the tangential electromagnetic field components are
continuous so that
−E(ss ) + E(sw) =
E(si )

(2.31)

−Eφ( s ) + Eφ( w) =
Eφ(i )

(2.32)

−H (ss ) + H (sw) =
H (si )

(2.33)

−Hφ( s ) + Hφ( w) =
Hφ(i )

(2.34)

where the superscripts s , w and i stand for the scattered, internal and incident
electromagnetic fields. The incident electromagnetic field components are prescribed in
the entire region and can be of any form, e.g., the plane wave, a laser beam, or the
scattered electromagnetic field from adjacent particles.
Substitute the corresponding scattered and internal electromagnetic field
component expressions given in Eq. (2.23), Eq. (2.24), Eq. (2.26) and Eq. (2.27) into Eq.
(2.31) - (2.34), multiply each equation by Sl ',m (hext ,η ) exp(− jmφ ) (index l ' is different
from index l ) and then integrate over the microlens’ surface. For each particular m
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index, one set of 4( L − m ) simultaneous algebraic equations can be obtained (the l '
index is in the range of m to L ).
1
l , m ,l ' l , m

1 s
− I l2,m ,l 'bl ,m + I l3,m ,l 'cl ,m + I l4,m ,l ' dl ,m ) =
Al ',m
2π

(2.35)

5
l , m ,l ' l , m

1 φ
− I l6,m ,l 'bl ,m + I l7,m ,l 'cl ,m + I l8,m ,l ' dl ,m ) =
Al ',m
2π

(2.36)

2
l , m ,l ' l , m

j
− I l1,m ,l 'bl ,m + nI l4,m ,l 'cl ,m + nI l3,m ,l ' dl ,m ) = Bls',m
2π ε ext

(2.37)

6
l , m ,l ' l , m

j
− I l5,m ,l 'bl ,m + nI l8,m ,l 'cl ,m + nI l7,m ,l ' dl ,m ) = Blφ',m
2π ε ext

(2.38)

L

∑ (− I

l= m
L

∑ (− I

l= m
L

∑ (− I

l= m

L

∑ (− I

l= m

a

a

a

a

where L is the maximum summation limit of the l index. The eight integrals I l1,m ,l ' to

I l8,m ,l ' depend only on the microlens geometry and are presented in the Appendix A. The
four integrals Als',m , Alφ',m , Bls',m and Blφ',m depend on both the microlens geometry and the
incident illumination setting, and are listed in the Appendix B.
The unknown expansion coefficients al ,m , bl ,m , cl ,m and dl ,m can be determined
from the above 4( L − m ) equations. Then the internal electromagnetic fields inside of
the microlens can be calculated using Eq. (2.26) and Eq. (2.27). The external
electromagnetic fields outside of the microlens are the sum of the prescribed incident
electromagnetic fields and the scattered electromagnetic fields which can be calculated
using Eq. (2.23) and Eq. (2.24).
The convergence of the calculation is achieved by choosing sufficiently large
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values of the M and L indices, and is checked by verifying the continuity of the
normal components of the electromagnetic field on the microlens’ surface.
E(ni ) + E(ns ) =
n 2 E(nw)
H (ni ) + H (ns ) =
H (nw)

(2.39)
(2.40)

where here, the subscript n refers to the normal component of the vector.

2.4 Monochromatic electromagnetic illumination sources
In this dissertation, two different monochromatic electromagnetic waves are used
as illumination sources: the monochromatic plane wave and the monochromatic TEM00
mode Gaussian beam. Both electromagnetic illuminations could propagate along any
direction in the X-Z plane. The incident angle θinc is referenced with respect to the
positive Z axis in the X-Z plane. The electric field polarization direction is perpendicular
to the incident field propagation direction and is referenced with respect to the X-Z plane.
The monochromatic plane wave illumination is an ideal illumination source and is
commonly used in computational optical research. Its electromagnetic field components
[1] can be expressed explicitly as
=
Ex E0 cos θinc cos θ pol exp( jk 0 ⋅ r )
E y E0 sin θ pol exp( jk 0 ⋅ r )
=
− E0 sin θinc cos θ pol exp( jk 0 ⋅ r )
Ez =

Hx =
− ε / µ E0 cos θinc sin θ pol exp( jk 0 ⋅ r )
=
Hy

ε / µ E0 cos θ pol exp( jk 0 ⋅ r )

(2.41)
(2.42)
(2.43)
(2.44)
(2.45)
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=
Hz

ε / µ E0 sin θinc sin θ pol exp( jk 0 ⋅ r )

(2.46)

where θinc is the incident angle of the monochromatic plane wave illumination in the X-Z
plane. θ pol is the electric field polarization angle of the monochromatic plane wave
illumination. r is the position vector. k 0 is the propagation vector of the incident
illumination and equals [ sin θinc ,0.0, cos θinc ]. E0 is the maximum electric field magnitude
of the incident illumination. ε and µ are the electric permittivity and the magnetic
permeability of the medium. An implicit time dependent of exp(− jωt ) is assumed.
The monochromatic TEM00 mode Gaussian beam illumination is a highly
focused electromagnetic wave. The electromagnetic field magnitude decreases rapidly
along its transverse direction. Along its propagation direction, the beam radius first
decreases to a minimum radius, which is called the “beam waist”, and then expands. The
expression of the monochromatic TEM00 mode Gaussian beam used is the fifth-order
corrected solution theoretically developed by Barton and Alexander [42]. The
electromagnetic fields components of the fifth-order corrected monochromatic TEM00
mode Gaussian Beam that propagates along the positive Z axis with its beam waist at the
origin are given as
Ex = E0 {1 + s 2 (− ρ 2Q 2 + j ρ 4Q 3 − 2Q 2ξ 2 )
+ s 4 [2 ρ 4Q 4 − 3 j ρ 6Q 5 − 0.5 ρ 8Q 6 + (8 ρ 2Q 4 − 2 j ρ 4Q 5 )ξ 2 ]}ψ 0 exp(− jζ / s 2 )

E y =E0 {s 2 (−2Q 2ξη ) + s 4 [(8 ρ 2Q 4 − 2 j ρ 4Q 5 )ξη ]}ψ 0 exp( − jζ / s 2 )
Ez = E0 {s (−2Qξ ) + s 3 [(6 ρ 2Q 3 − 2 j ρ 4Q 4 )ξ ]

(2.47)
(2.48)
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+ s 5 [(−20 ρ 4Q 5 + 10 j ρ 6Q 6 + ρ 8Q 7 )ξ ]}ψ 0 exp(− jζ / s 2 )

H x=

(2.49)

ε E0 {s 2 (−2Q 2ξη ) + s 4 [(8ρ 2Q 4 − 2 j ρ 4Q 5 )ξη ]}ψ 0 exp( − jζ / s 2 )
H
=
y

(2.50)

ε E0 {1 + s 2 (− ρ 2Q 2 + j ρ 4Q 3 − 2Q 2η 2 )

+ s 4 [2 ρ 4Q 4 − 3 j ρ 6Q 5 − 0.5 ρ 8Q 6 + (8 ρ 2Q 4 − 2 j ρ 4Q 5 )η 2 ]}ψ 0 exp(− jζ / s 2 ) (2.51)

H=
z

ε E0 {s (−2Qη ) + s 3[(6 ρ 2Q 3 − 2 j ρ 4Q 4 )η ]

+ s 5 [(−20 ρ 4Q 5 + 10 j ρ 6Q 6 + ρ 8Q 7 )η ]}ψ 0 exp(− jζ / s 2 )

(2.52)

where w0 is the incident beam waist radius. s equals λ / 2π w0 and λ is the Gaussian
beam illumination wavelength. The nondimensionalized spatial coordinates ξ = x / w0 ,
2

2
η = y / w0 and ζ = z / (kw02 ) . ρ=
ξ 2 + η 2 ,=
Q 1/ ( j + 2ξ ) and ψ 0 = jQe − j ρ Q . For the

monochromatic TEM00 mode Gaussian beam illumination propagating in the arbitrary
direction with a arbitrary beam waist position, the corresponding electromagnetic field
components can be obtained using coordinate transformation.
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Chapter 3. Focusing and Beam Transformation Properties of
A Single Microlens

In this chapter, the focusing and beam transformation properties of a single
microlens with arbitrary monochromatic plane wave and TEM00 mode Gaussian beam
illumination are investigated and compared with that given by the geometrical optics
theory. The Separation-of-Variables method (SVM) in the oblate spheroidal coordinate
system, described in Chapter 2, is applied to calculate the electric field magnitude
distributions inside of and adjacent to the microlens. In the following discussions,
microlenses of three different diameters and four different profiles are considered for
investigation. The microlens diameter D can be 5, 10 or 20 wavelengths. The R / D ratio
of the radius of curvature of the microlens spherical surface to the microlens diameter can
be 1.0, 1.5, 2.0 or 2.5. The microlens center is placed at the origin with its symmetric axis
along the Z axis. The refractive index of the microlens is 1.5, which is the same as that of
the most commonly used optical glass material - Crown Glass. The refractive index of the
surrounding medium is assumed to be 1.0. Both the microlens and the surrounding
medium are isotropic, homogeneous, non-absorptive, non-magnetic and source-free.
The monochromatic plane wave and TEM00 mode Gaussian beam illumination
propagates in the X-Z plane. The incident angle θinc lies in the X-Z plane and is
referenced with respect to the positive Z axis. The electric field polarization angle θ pol is
set to be 0 , which means that the electric field polarization direction of the incident
illumination lies in the positive X axis. The electric field magnitude is
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nondimensionalized by the maximum electric field magnitude of the incident illumination
and is plotted using a grey-level plot in which dark represents relatively high electric field
magnitude while light represents relatively low electric field magnitude. All the
coordinates and lengths in the Cartesian coordinate are nondimensionalized by the semifocal length f semi of the oblate spheroidal coordinate system.

3.1 Normal monochromatic plane wave illumination
The focusing property of a single microlens with normal monochromatic plane
wave illumination is investigated first. As the microlens diameter is comparable with the
incident illumination wavelength, the Fresnel diffraction effect [3] through the microlens
aperture becomes relatively strong in comparison with that through the regular-size lens
aperture, and significantly affects the microlens focusing property. As discussed in
References [25,26,44,45], the electromagnetic field transmitted through the microlens
aperture converges and creates a focus which is much closer to the microlens in
comparison with that predicted by the geometrical optics theory [3]. The focusing
property of the three-dimensional continuous profile symmetric biconvex microlens has
not been fully investigated before. In this section, the effects of the microlens diameter
and profile on the microlens focusing characteristics are investigated and the microlens
actual focal length is compared with its corresponding geometrical focal length.
The investigation starts with the 5λ diameter microlens and the corresponding
electric field magnitude distributions in the X-Z plane (Y=0) are shown in Fig. 3.1 for the
four different profile microlenses. As shown, the solid black line around the origin
represents the microlens boundary in the X-Z plane. The incident normal monochromatic

31
plane wave illumination propagates along the positive Z axis. Due to the constructive and
destructive interferences of the incident plane wave illumination and the electromagnetic
field scattered by the microlens, fringes appear on the illuminated side of the microlens.
Inside of the microlens, the fringe pattern is even more complex which is caused by the
multiple internal reflections by the microlens boundary. On the contrary, fringes do not
occur on the shadow side of the microlens as only forward propagating electromagnetic
waves exist in this region. The transmitted electromagnetic field through the microlens
converges and creates a dark comet-like focus on the shadow side of the microlens.
As shown, the microlens features similar focusing and scattering properties as the
regular-size lens. For the microlens shown in Fig. 3.1a, its focal point is located at 1.520
on the Z axis and is determined by the maximum electric field magnitude in the focus
region [43], which in this case is 5.2257. The microlens actual back focal length, which is
defined as the distance from the right vertex of the microlens spherical surface to the
focal point, is 1.0213. For the symmetric biconvex microlens, the corresponding
geometrical back focal length [3] can be calculated as

f geo

nR 2 / (n − 1) − 2 Rb '
=
2nR − 2( n − 1)b '

(3.1)

where R is the radius of curvature of the microlens spherical surface, b ' is the microlens
semi-minor axis length, and n is the relative refractive index of the microlens to the
surrounding medium. For this microlens, R is 2.3094, b ' is 0.4987, and n is 1.50. The
geometrical back focal length is calculated to be 2.1303. The microlens actual back focal
length is only 47.94% of its corresponding geometrical back focal length.
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(a)

(b)

(c)

(d)

Fig. 3.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with normal monochromatic plane wave illumination. D = 5λ , θinc = 0 and

θ pol = 0 . (a) R / D = 1.0 . (b) R / D = 1.5 . (c) R / D = 2.0 . (d) R / D = 2.5 . The four plots
are displayed using 32 levels between 0.0 and 5.24.
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The corresponding electric field magnitude distribution of the focal point in the
X-Y plane is shown in Fig. 3.2. The circular fringe pattern shown below is called the
“Airy Disk” pattern [3] which is caused by the diffraction effect through the tiny
microlens aperture. The focus radius in the X-Y plane is determined by the position
where the electric field magnitude decreases to 1/ e of the maximum electric field
magnitude, and equals 1.3433λ .

Fig. 3.2: Surface grey-level plot of the electric field magnitude distribution of the focal
point in the X-Y plane ( Z = 1.520 ). The plot is displayed using 32 levels between 0.0 and
5.24.
Due to the special nondimensionalization method used that all the coordinates and
lengths in the Cartesian coordinate are nondimensionlized by the semi-focal length f semi
of the oblate spheroidal coordinate system, the nondimensionlized microlens diameter in
the plot appears to slightly decrease as the radius of curvature of the microlens spherical
surface increases. The nondimensionlized semi-major and semi-minor axis lengths of the
four different profile microlenses are shown in Table 3.1.
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Tables 3.1: Nondimensionlized semi-major and semi-minor axis lengths of the four
different profile microlenses.
R / D Semi-major axis length Semi-minor axis length
1.0
1.1547
0.4987
1.5
1.0607
0.3007
2.0
1.0328
0.2185
2.5
1.0206
0.1723
The four different profile microlenses shown in Fig. 3.1 exhibit similar focusing
properties. The nondimensionlized parameter, the microlens actual f-#, which is the ratio
of the microlens actual back focal length to the microlens diameter, is used in the
comparison of the focal length of the four different profile microlenses. The focus
diameter in the X-Y plane is expressed in terms of the incident illumination wavelength.
The focusing characteristics of the four different profile microlenses are summarized and
listed in Table 3.2. The “Ratio of f-#” is the ratio of the microlens actual f-# to its
corresponding geometrical f-#. For the 5λ diameter microlens, its actual f-# increases as
the microlens R / D ratio increases which is in the same trend as that predicted by the
geometrical focal length formula Eq. (3.1). As the radius of curvature of the microlens
spherical surface increases, the convergence capability of the spherical surface decreases
and thus the microlens actual f-# increases. Due to the diffraction effect, the actual f-# of
the 5λ diameter microlens is much shorter and is only about 50% of its corresponding
geometrical f-#. The focus diameter in the X-Y plane slightly increases as the microlens
R / D ratio increases which is consistent with the decrease of the maximum electric field

magnitude in the focus region.
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Table 3.2: Focusing characteristics of the 5λ diameter microlens.
R / D Actual f-# Ratio of f-# Focus diameter / λ
1.0
0.4423
47.95%
1.3433
1.5
0.7256
49.71%
1.6386
2.0
0.9400
47.85%
2.0184
2.5
1.0914
44.16%
2.3331

Emax
5.2257
4.3998
3.5373
3.1120

The focusing properties of the 10λ and 20λ diameter microlenses are
investigated in the same way and the corresponding electric field magnitude distributions
in the X-Z plane (Y=0) are shown in Appendix C and D, respectively. The corresponding
focusing characteristics are summarized and listed in Table 3.3 and 3.4, respectively. The
10λ and 20λ diameter microlenses show similar focusing properties as the 5λ diameter

microlens. For each diameter microlens, the focusing characteristics of different profile
microlenses vary in the same way as the 5λ diameter microlens. As the microlens
diameter increases, the diffraction effect through the microlens aperture becomes less
dominant and the actual f-# increases to about 60% and 75% of the geometrical f-#,
respectively, for the 10λ and 20λ diameter microlenses. The focus diameter in the X-Y
plane also slightly increases for larger diameter microlens. As the microlens aperture
increases, more incident illumination is collected and converged by the microlens. Thus
the maximum electric field in the focus region increases.

Table 3.3: Focusing characteristics of the 10λ diameter microlens.
R / D Actual f-# Ratio of f-# Focus diameter / λ
1.0
0.5808
62.96%
1.6455
1.5
0.8764
60.04%
1.7895
2.0
1.1724
59.69%
2.1337
2.5
1.4049
56.84%
2.5330

Emax
7.2487
6.7716
5.9698
5.1988
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Table 3.4: Focusing characteristics of the 20λ diameter microlens.
R / D Actual f-# Ratio of f-# Focus diameter / λ
E max
1.0
0.6847
74.22%
1.7450
13.2322
1.5
1.1781
80.71%
2.3856
9.9818
2.0
1.4048
71.52%
2.8920
7.3573
2.5
1.6793
67.94%
3.0039
7.0599
3.2 Small incident angle monochromatic plane wave illumination
The focusing property of a single microlens with small incident angle
monochromatic plane wave illumination is investigated. The micro optical elements have
already been widely applied in modern optical equipment, e.g., integral imaging system
[46], Shack-Hartman wavefront sensor [47], CCD/CMOS image sensor [48], light
emitting diode (LED) backlit LCD display [49] and concentrated photovoltaic [50]. In
such optical equipment, the plane wave illumination is usually incident on the micro
optical element at a small angle and the microlens is applied to converge the incident
illumination to the active area of the receiver. The diagram of a microlens application for
the CCD image sensor is shown in Fig. 3.3. The incident angle of the plane wave
illumination will affect the microlens focusing characteristics, e.g., the focal length, the
focus position and the maximum electric field magnitude in the focus area, which will, in
turn, affect the performance of the CCD image sensor. It is of interest to investigate the
microlens focusing properties with small incident angle monochromatic plane wave
illumination. Three different small incident angles are considered for comparison: 5 , 10
and 15 . Only the 1.0 R / D ratio microlens is investigated. The focusing properties of
other three different profile microlenses are similar and not discussed in detail.
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Fig. 3.3: CCD imaging sensor with the onchip microlens [48].
The effect of the incident illumination angle on the focusing property of the 5λ
diameter microlens is investigated first. The plane wave illumination is incident from the
lower left of the microlens at a 5 angle of incidence with respect to the positive Z axis.
The corresponding electric field magnitude distribution in the X-Z plane (Y=0) is shown
in Fig. 3.4. For this arrangement, the focal point is located at (0.16, 1.52) in the X-Z plane
determined by the maximum electric field magnitude (5.2749) in the focus region. In the
plot, the dashed arrow line connecting the origin and the focal point indicates the
propagation direction of the focused illumination and forms an angle of 6.01 with
respect to the positive Z axis, which is close to the incident angle of the plane wave
illumination. The focus diameter is 1.3514λ . In section 3.1, it was shown that with
normal monochromatic plane wave illumination and for the same microlens, the focal
point is at 1.52 on the Z axis, the maximum electric field magnitude in the focus region is
5.2257, and the focus diameter is 1.3432 λ . As the incident angle of the plane wave
illumination increases from 0 to 5 , the maximum electric field magnitude in the focus
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region and the focus diameter only change slightly, and the Z coordinate of the focal
point remains almost the same. The focused illumination predominately propagates along
the incident direction of the plane wave illumination.

Fig. 3.4: Grey-level plot of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 5 angle of incidence monochromatic plane wave illumination. D = 5λ ,
R / D = 1.0 , θinc = 5 and θ pol = 0 . The dashed arrow line indicates the propagation
direction of the focused illumination. The plot is displayed using 32 levels between 0.0
and 5.28.
The corresponding electric field magnitude distributions in the X-Z plane (Y=0)
with 10 and 15 angle of incidence monochromatic plane wave illumination are shown
in Fig. 3.5a and 3.5b, respectively. The corresponding focusing characteristics are
summarized and listed in Table 3.5. As the incident angle of the plane wave illumination
increases from 0 up to 15 , the maximum electric field magnitude in the focus region
and the focus diameter only slightly decrease. For 10 and 15 angle of incidence plane
wave illumination, the line connecting the origin and the focal point forms an angle of
10.71 and 16.99 with respect to the positive Z axis, respectively. Thus it can be
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assumed that for small incident angle plane wave illumination, the focused illumination
approximately propagates along the incident direction of the plane wave illumination.

(a)

(b)

Fig. 3.5: Grey-level plots of the electric field magnitude distributions in the X-Z plane
( Y = 0 ) with 10 and 15 angle of incidence monochromatic plane wave illumination.
D = 5λ , R / D = 1.0 and θ pol = 0 . (a) θinc = 10 . (b) θinc = 15 . The two plots are
displayed using 32 levels between 0.0 and 5.28.
Table 3.5: Focusing characteristics of the 5λ diameter microlens with small incident
angle plane wave illumination.
Incidence angle
Focal position Focus diameter / λ
Emax

5.2257
(0.00, 1.52)
1.3433
0
5.2749
(0.16, 1.52)
1.3514
5

5.1971
(0.28, 1.48)
1.3396
10
5.1592
(0.44, 1.44)
1.3301
15
As the radial distance between the origin and the focal point is 1.52 for the 0 and
5 angle of incidence illumination and 1.50 for the 10 and 15 angle of incidence

illumination, it can be treated as a constant for the small incident angle plane wave
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illumination. The effect of the incident angle on the propagation direction of the focused
illumination is similar with that observed in the investigations of the closed-boundary
cylindrical microlenses (CBCMs) [23] and the diffractive cylindrical lenses [21] using
the Boundary Element method. The corresponding electric field magnitude profiles along
the centerline of the focused illumination are shown in Fig. 3.6 for all four different
incident angle plane wave illumination. The profiles start from the origin. As shown, the
electric field magnitude profiles between 0.0 and 1.0 (inside of the microlens) are quite
different and depend on the propagation direction. The electric field magnitude profiles
between 1.0 and 5.0 (on the shadow side of the microlens) are similar for all the four
different incident angle illuminations.

Fig. 3.6: Electric field magnitude profiles along the centerline of the focused illumination
for four different incident angle monochromatic plane wave illumination.
The investigation continues with the 10λ and 20λ diameter microlenses. The
corresponding electric field magnitude distributions in the X-Z plane and the electric field
magnitude profiles along the propagation direction of the focused illumination are shown
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in Appendix E and F, respectively, for the 10λ and 20λ diameter microlenses. The
corresponding focusing characteristics are summarized and listed in Table 3.6 and 3.7,
respectively. For the 10λ and 20λ diameter microlenses, the focusing characteristics
change in a similar way as the 5λ diameter microlens. For each diameter microlens, the
maximum electric field in the focus region and the focus diameter only slightly change
for the four different incident angle plane wave illumination. For small incident angle
plane wave illumination, the propagation angle of the focused illumination closely match
the incident angle of the plane wave illumination. The radial distance between the focal
point and the origin is almost the same for different small incident angle plane wave
illuminations. The electric field magnitude profiles along the centerline of the focused
illumination are similar in the region between 1.5 and 5.0 (on the shadow side of the
microlens).

Table 3.6: Focusing characteristics of the 10λ diameter microlens with small incident
angle plane wave illumination.
Incident angle
Focal position
Focus diameter / λ
Emax

7.2487
(0.00, 1.84)
1.5879
0
7.0501
(0.16, 1.76)
1.5457
5

7.0075
(0.32, 1.76)
1.6137
10
7.0578
(0.48, 1.72)
1.5912
15
Table 3.7: Focusing characteristics of the 20λ diameter microlens with small incident
angle plane wave illumination.
Incident angle
Focal position
Focus diameter / λ
Emax
13.2322
(0.00, 2.08)
1.7098
0

12.4028
(0.20, 2.12)
1.8293
5
12.6097
(0.36, 2.04)
1.7411
10

12.6383
(0.54, 2.00)
1.7442
15
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3.3 Normal monochromatic TEM00 mode Gaussian beam illumination
The monochromatic TEM00 mode Gaussian beam illumination is commonly used
in laboratory experiments and commercial applications. The electric field magnitude
distribution of a typical TEM00 mode Gaussian beam illumination is shown in Fig. 3.7
for demonstration. As shown, along the propagation direction the beam radius first
decreases to the minimum, which is called the “beam waist”, and then expands again.
The electric field magnitude distribution is axially symmetrical along the centerline of the
TEM00 mode Gaussian beam illumination and mirror-symmetrical with respect to the
beam waist. The minimum beam radius and the maximum electric field magnitude are
achieved simultaneously at the beam waist of the TEM00 mode Gaussian beam
illumination.

Fig. 3.7: Grey-level plot of the electric field magnitude distribution of monochromatic
TEM00 mode Gaussian beam illumination in the X-Z plane ( Y = 0 ). The beam waist is
located at the origin and the beam waist radius is 6.6667λ . The electric field polarization
direction is set to be along the positive X axis. The plot is displayed using 32 levels
between 0.0 and 1.0.
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It is often desirable to place the beam waist at a specific position by passing the
incident monochromatic TEM00 mode Gaussian beam illumination through a single lens
or multiple lenses. For the regular-size lens, several methods have been well developed to
calculate the transmitted beam waist position and design the optical system, e.g., the
complex beam parameter method or the ABCD law [51,52], the effective Fresnel number
method [53] and the Rayleigh range method (RRM) [54]. The Rayleigh range method
(RRM) developed by Self [54] is a further extension of the complex beam parameter
method and simplifies the formulas into one that is similar with the classic geometrical
imaging formula. In this method, the incident beam waist is treated as an object and the
transmitted beam waist is taken as its image. Then the object and its image can be related
as
1
1 1
+ =
s + Z / (s − f ) s ' f
2
R

(3.2)

where s is the object distance between the incident beam waist and the lens, s ' is the
image distance between the transmitted beam waist and the lens, and f is the microlens
focal length. Z R is the Rayleigh range of the incident TEM00 mode Gaussian beam
illumination, which equals
Z R = π w0 2 / λ

(3.3)

where w0 is the incident Gaussian beam waist radius and λ is the incident Gaussian
beam wavelength. The magnification coefficient which is defined by the ratio of the
transmitted beam waist radius to the incident beam waist radius equals
M
=

w0′
1
=
2
w0 {[1 − ( s / f )] + ( Z R / f ) 2 }1/2

(3.4)
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where w0′ is the transmitted beam waist radius.
The RRM is mathematically simple, avoids the heavy computation load required
by the SVM and is commonly used to quickly determine the transmitted beam waist
position for the incident monochromatic TEM00 mode Gaussian beam illumination. It
was originally developed for the regular-size thin lens. It assumes that the incident beam
radius at the lens surface is less than 1/ 3 of the lens diameter [52] so that all the incident
monochromatic TEM00 mode Gaussian beam illumination is transmitted and not
truncated. It also neglects the diffraction effect through the lens aperture with the
assumption that the lens aperture is far larger than the incident illumination wavelength.
While for the microlens, the diffraction effect through the microlens aperture is relatively
strong as the microlens aperture is comparable with the incident illumination wavelength.
The incident beam radius at the microlens surface can be easily larger than 1/ 3 of the
microlens diameter. In this section, the beam transformation property of a single
microlens with normal monochromatic TEM00 mode Gaussian beam illumination is
investigated using the SVM in the oblate spheroidal coordinate system. The applicability
of using the RRM to calculate the transmitted beam waist position through a microlens is
studied. The 1.5 R / D ratio microlenses of three different diameters are chosen for
investigation.
The microlens thickness has to be considered [55] when using the RRM to
calculate the transmitted beam waist characteristics through microlens. The effective
object distance, the effective image distance and the effective focal length must be used
in the formula. The effective object distance and the effective image distance are
referenced to the microlens front or back principal plane, respectively. The microlens
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front principal plane [3] is at a distance h f right of the front (left) spherical surface vertex
of the microlens, which is
=
h f Rb′ / [nR − (n − 1)b′]

(3.5)

where R is the radius of curvature of the microlens spherical surface, b′ is the microlens

semi-minor axis length and n is the relative refractive index of the microlens to the
surrounding medium, which is 1.5. The microlens back principal plane is at a distance hb
left of the back (right) spherical surface vertex of the microlens, which is
hb =
− Rb′ / [nR − (n − 1)b′]

(3.6)

The negative sign implies that the back principal plane is on the left of the microlens back
spherical surface vertex. The microlens center is at the origin. The incident
monochromatic TEM00 mode Gaussian beam illumination propagates along the positive
Z axis. The effective object distance seff is related to the Z coordinate of the incident
Gaussian beam waist Z as
seff =− Z − b / 2 + h f

(3.7)

′ is related to the Z coordinate of the transmitted beam
The effective image distance seff

waist Z ' as
′ =
seff
Z '− b / 2 − hb

(3.8)

The effective focal length f eff of microlens equals
f eff= fb − hb

(3.9)

where fb is the microlens back focal length.
The interaction of the 20λ diameter, 1.5 R / D ratio microlens with on-axis
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normal monochromatic TEM00 mode Gaussian beam illumination is investigated first.
The microlens is placed at the origin and the on-axis normal monochromatic TEM00
mode Gaussian beam illumination is incident from the left of the microlens and
propagates along the positive Z axis. The corresponding electric field magnitude
distributions inside of and adjacent to the microlens are shown in Fig. 3.8.

Fig. 3.8: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
on-axis normal monochromatic TEM00 mode Gaussian beam illumination. D = 20λ and
R / D = 1.5 . The incident beam waist radius w0 equals 1/ 3 of the microlens diameter D .
The incident beam waist is located at -5.0 on the Z axis. θinc = 0 and θ pol = 0 . The plot
is displayed using 32 levels between 0.0 and 4.06.
Due to the constructive and destructive interferences of the incident Gaussian
beam illumination and the electromagnetic field scattered by the microlens, fringes exist
on the illuminated side microlens, which is similar as the microlens with normal
monochromatic plane wave illumination. Inside of the microlens, the fringe pattern is
even more complex caused by the multi-reflections of the microlens boundary. On the
shadow side of the microlens, no fringe appears and a new forward-propagating
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transmitted beam is created. The transmitted beam waist locates at 2.96 on the Z axis and
is determined by the location of the maximum electric field magnitude on the shadow
side of the microlens, which is 4.0491. The transmitted beam waist radius is 1.5546λ
which is determined by the position where the electric field magnitude decreases to 1/ e
of the maximum electric field magnitude of the transmitted beam waist.
A pure monochromatic TEM00 mode Gaussian beam with a beam waist radius,
beam waist position and maximum electric field magnitude of the beam waist equal to
that of the transmitted beam waist is shown in Fig. 3.9 for comparison. As shown, the two
electric field magnitude distributions are similar, which implies that the transmitted beam
through the microlens has a near TEM00 mode Gaussian profile. For the transmitted
beam and the pure monochromatic TEM00 mode Gaussian beam, the X-axis electric field
magnitude profiles at two different positions (Y=0, Z=2.96 and 5.00) are also shown in
Fig. 3.10. In Fig. 3.10b, the one with the higher maximum electric field magnitude
represents the transmitted beam. These two plots further confirm that the transmitted
beam has a near TEM00 mode Gaussian beam profile. The same conclusion was made in
the investigation of the focusing characteristics of a weakly truncated and aberrated
TEM00 mode Gaussian beam through a hemispherical microlens [56]. In Fig. 3.10b, the
damping of the electric field magnitude at the edges of the transmitted beam is caused by
the diffraction effect [1,3] through the microlens aperture. A similar damping of the
electric field magnitude distribution is observed in Fig. 3.2 for normal monochromatic
plane wave illumination.
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Fig. 3.9: Grey-level plot of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) for normal monochromatic TEM00 mode Gaussian beam illumination. The beam
waist is at 2.96 on the Z axis. The beam waist radius is 1.5546λ . The plot is displayed
using 32 levels between 0.0 and 4.06.

(a)

(b)

Fig. 3.10: Electric field magnitude profiles along the X axis for the transmitted beam and
the pure TEM00 mode Gaussian beam illumination. Y = 0 . (a) Z = 2.96 . (b) Z = 5.00 .
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The applicability of using the RRM developed by Self to determine the
transmitted beam waist position is discussed. For the incident TEM00 mode Gaussian
beam illumination shown in Fig. 3.8, the transmitted beam waist position calculated using
the RRM Eq. (3.2) with the microlens geometrical back focal length is 3.4762 which is
18.21% different from the exact value, 2.96, determined using the SVM. While using Eq.
(3.2) with the microlens actual back focal length, the transmitted beam waist position is
calculated to be 2.8719 which is only 2.34% different from the exact value.
For the same microlens with monochromatic TEM00 mode Gaussian beam
illumination of the same beam waist radius, the transmitted beam waist position is
determined using the SVM in the oblate spheroidal coordinate system for the incident
beam waist located within plus or minus 4.5 microlens diameter distance away from the
microlens center. The corresponding transmitted beam waist position is also calculated
using the RRM with the microlens actual and geometrical focal length. The transmitted
beam waist positions obtained using the above three different methods are plotted
together in Fig. 3.11 as a function of the incident beam waist position. A negative sign is
added to the X coordinate of the plot in order to make the plot consistent with that
generated by Self [54].
As shown, the transmitted beam waist position (the dashed line) calculated using
Eq. (3.2) with the microlens actual focal length, matches the exact value (the solid line)
determined using the SVM much better than that (the dotted line) calculated using Eq.
(3.2) with the microlens geometrical focal length. When using Eq. (3.2) with the
microlens actual focal length, the maximum Z coordinate difference is 0.0699, which
corresponds to a maximum percentage difference of 2.43%. While using Eq. (3.2) with
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the microlens geometrical focal length, the minimum and maximum Z coordinate
difference are 0.4386 and 0.6198, which correspond to percentage differences of 16.47%
and 20.31%, respectively.

Fig. 3.11: Plot of the transmitted beam waist position Z ' as a function of the incident
beam waist position Z . D = 20λ and w0 = D / 3 . The incident and transmitted beam
waist positions are normalized by the microlens diameter. The solid line is the exact value
obtained using the SVM, the dashed line is the RRM with the microlens actual focal
length, and the dotted line is the RRM with the microlens geometrical focal length.
The effect of the incident beam waist radius on the accuracy of using Eq. (3.2) to
determine the transmitted beam waist position is discussed. The same microlens is used
in the following computations. The corresponding transmitted beam waist positions are
calculated and plotted in Fig. 3.12 as a function of the incident beam waist position when
the incident beam waist radius is D / 4 and D / 6 . As shown, for both cases the
transmitted beam waist position calculated using Eq. (3.2) with the microlens actual focal
length, matches the exact value given by the SVM much better than that calculated using
Eq. (3.2) with the microlens geometrical focal length.
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(a)

(b)

Fig. 3.12: Plots of the transmitted beam waist position Z ' as a function of the incident
beam waist position Z . D = 20λ and R / D = 1.5 . (a) w0 = D / 4 . (b) w0 = D / 6 .
When the incident beam waist radius is D / 4 , the maximum difference between
the transmitted beam waist position calculated using Eq. (3.2) with the microlens actual
focal length and that determined using the SVM is 0.1481, which corresponds to a
percentage difference of 4.98%. While using Eq. (3.2) with the microlens geometrical
focal length, the minimum and maximum differences are 0.2956 and 0.7180, which
correspond to percentage differences of 11.11% and 21.74%, respectively. When the
incident beam waist radius is D / 6 , the transmitted beam waist positions calculated using
the three different methods happen to closely match each other when the incident beam
waist is placed at about half microlens diameter distance away on the illuminated side of
the microlens. When using Eq. (3.2) with the microlens actual focal length, the maximum
difference is 0.3764, which corresponds to a percentage difference of 10.69%. While
using Eq. (3.2) with the microlens geometrical focal length, the maximum difference is

52
1.0139, which corresponds to a percentage difference of 27.98%. From the above
comparisons, it is obvious that generally the transmitted beam waist position calculated
using the RRM developed by Self with the microlens actual focal length is a good
approximation of the exact transmitted beam waist position.
The effect of the incident beam waist characteristics on the maximum electric
field magnitude of the transmitted beam waist is also investigated using the SVM.
However, the RRM developed by Self [54] isn’t suitable for calculating the maximum
electric field magnitude of the transmitted beam waist. The maximum electric field
magnitude of the transmitted beam waist is plotted in Fig. 3.13 as a function of the
incident beam waist position for the three different beam waist illuminations. For the
TEM00 mode Gaussian beam illumination of D / 3 beam waist radius, the maximum
electric field magnitude of the transmitted beam waist gradually increases as the incident
beam waist moves along the positive Z axis. For the illuminations of D / 4 and D / 6
beam waist radiuses, the maximum electric field magnitude of the transmitted beam waist
first decreases and then gradually increases as the incident beam waist moves along the
positive Z axis. For the same incident beam waist position setting, the maximum electric
field magnitude of the transmitted beam waist gradually decreases as the incident beam
waist radius decreases.
The magnification coefficients for the three different incident beam waist radius
illuminations, which is defined by the ratio of the transmitted beam waist radius to the
incident beam waist radius, are determined using the above three different methods and
then plotted in Fig. 3.14 as a function of the incident beam waist position. In the plots, the
solid line is the magnification coefficient calculated using the SVM, the dashed line is the
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one calculated using Eq. (3.4) with the microlens actual focal length, and the dotted line
is the one calculated using Eq. (3.4) with the microlens geometrical focal length. As
shown, for the illuminations of D / 4 and D / 6 beam waist radiuses, the magnification
coefficient first increases and then decreases as the incident beam waist moves along the
positive Z axis, which matches the changing trend of the maximum electric field
magnitude of the transmitted beam waist. The position of the minimum magnification
coefficient also matches the position of the maximum electric field magnitude. The
magnification coefficient calculated using Eq. (3.4) with the microlens geometrical focal
length is a better approximation of the exact value determined using the SVM in
comparison with that calculated using Eq. (3.4) with the microlens actual focal length,
which is different from the calculation of the transmitted beam waist position.
The investigations are performed for the 5λ and 10λ diameter microlenses in the
same way. For each diameter microlens, monochromatic TEM00 mode Gaussian beam
illumination of three different incident beam waist radiuses ( D / 3 , D / 4 and D / 6 ) is
chosen for comparison. The corresponding plots are shown in Appendix G and H,
respectively. As shown, for the 5λ and 10λ diameter microlenses the transmitted beam
waist position and the maximum electric field and magnification coefficient of the
transmitted beam waist change in a similar trend as the 20λ diameter microlens. The
transmitted beam waist position calculated using the RRM developed by Self with the
microlens actual focal length matches the exact value determined by the SVM much
better in comparison with that calculated using Eq. (3.2) with the microlens geometrical
focal length. When the 5λ diameter microlens is illuminated with D / 4 and D / 6 beam
waist radius TEM00 mode Gaussian beam illuminations, the transmitted beam waist will
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(a)

(b)

(c)
Fig. 3.13: Plots of the maximum electric field magnitude of the transmitted beam waist as
a function of the incident Gaussian beam waist position. D = 20λ . (a) w0 = D / 3 . (b)
w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. 3.14: Plots of the magnification coefficient as a function of the incident Gaussian
beam waist position. D = 20λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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be located inside of or on the illuminated side of the microlens virtually if the incident
beam waist is placed close to the origin. The transmitted beam waist superposes with the
incident TEM00 mode Gaussian beam illumination which makes it impossible to
determine to the transmitted beam waist position. Thus the corresponding data is left
blank on the plots.
The microlens actual focal length is the combinational result of all the diffraction,
truncation and aberration effects through the microlens aperture, and thus is an
appropriate parameter to present the microlens focusing characteristics. It is shown that
generally the transmitted beam waist position calculated using the RRM developed by
Self with the microlens actual focal length closely matches the exact value determined by
the SVM. The RRM developed by Self is still applicable to the microlens with reasonable
accuracy and can be applied to guide the design of microlens optical system for the
TEM00 mode Gaussian beam applications.

3.4 Off-axis normal monochromatic TEM00 mode Gaussian beam illumination
In optical applications, the monochromatic TEM00 mode Gaussian beam
illumination is usually designed to be incident along the microlens symmetrical axis. Due
to possible alignment defects, the incident illumination may not be perfectly along the
microlens symmetrical axis but slightly off-axis. In this section, the interaction of a single
microlens with off-axis normal monochromatic TEM00 mode Gaussian beam
illumination is investigated. The incident illumination propagates along the positive Z
axis at 0 angle of incidence with its electric field polarization direction in the positive X
axis. The incident beam waist is placed on the illuminated side at 2 microlens diameters

57
distance away from the microlens, and its radius is set to be 1/ 3 of the microlens
diameter. The off-axis displacement of the incident beam waist is along the positive X
axis and is relatively small in comparison with the microlens diameter, which is chosen to
be 1/ 20 , 1/10 and 3 / 20 of the microlens diameter.
The R / D ratio of the microlens is chosen to be 1.5. The investigation starts with
the 5λ diameter microlens. The electric field magnitude distributions in the X-Z plane
(Y=0) are shown in Fig. 3.15 for the three different off-axis displacement illuminations.
The corresponding transmitted beam waist characteristics are summarized and listed in
Table 3.8. As shown, the propagation direction of the transmitted beam gradually
deviates away from the positive Z axis and tilts toward the negative X axis as the off-axis
displacement of the incident beam waist increases along the positive X axis. The Z
coordinate of the transmitted beam waist remains almost the same for the three different
off-axis illuminations. The maximum electric field magnitude of the transmitted beam
waist slightly decreases and the transmitted beam waist radius slightly increases as the
off-axis displacement of the incident beam waist gradually increases.
The X axis electric field magnitude profiles at Z=2.12, 4.00 and 6.00 (Y=0) are
plotted in Fig. 3.16 for the four different off-axis illuminations (0, D / 20 , D /10 and
3D / 20 ). As shown in Fig. 3.16a , the X axis electric field magnitude profiles at the

transmitted beam waist ( Z = 2.12 ) are similar for the four different off-axis
illuminations. The maximum electric field magnitude slightly decreases and the peak
slightly moves along the negative X axis as the off-axis displacement of the incident
beam waist increases. The off-axis displacement of the incident beam waist has a
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(a)

(b)

(c)
Fig. 3.15: Grey-level plots of the electric field magnitude distribution of a microlens in
the X-Z plane with off-axis normal monochromatic TEM00 mode Gaussian beam
illumination. D = 5λ , R / D = 1.5 , w0 = D / 3 , θinc = 0 and θ pol = 0 . The incident beam
waist is located at (a) ( D / 20 , −2D ), (b) ( D /10 , −2D ) and (c) ( 3D / 20 , −2D ). The
three plots are displayed using 32 levels between 0.0 and 1.365.
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relatively weak effect on the position and maximum electric field magnitude of the
transmitted beam waist, but significantly changes the propagation direction of the
transmitted beam. As shown in Fig. 3.16b and 3.16c, the peak significantly deviates from
the Z axis as the off-axis displacement of the incident beam waist increases. This
deviation grows as the transmitted beam propagates. The propagation angle of the
transmitted beam, the angle between the propagation direction of the transmitted beam
and the positive Z axis, is measured to be 1.15 , 2.29 and 2.86 for the three increasing
off-axis displacement illuminations. The angle between the line connecting the incident
beam waist and the microlens center, and the negative Z axis equals 1.43 , 2.86 and
4.29 for the three increasing off-axis displacement illuminations. For the D / 20 and
D /10 off-axis displacement illuminations, these two angles are close. While as the off-

axis displacement further increases, the propagation angle of the transmitted beam
increases slowly.

Table 3.8: Characteristics of the transmitted beam waist for off-axis monochromatic
TEM00 mode Gaussian beam illumination. D = 5λ and R / D = 1.5 .
Off-axis displacement Emax (X, Z) coordinate Beam waist radius / λ
0.0

D /12
2 D /12
3D /12

1.3681
1.3607
1.3428
1.3144

(0.0, 2.12)
(0.0, 2.12)
(-0.04,2.12)
(-0.04, 2.08)

1.1015
1.1110
1.1414
1.1798
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(a)

(b)

(c)
Fig. 3.16: Electric field magnitude profiles along the X axis for four different off-axis
illuminations. Y = 0 . (a) Z = 2.12 . (b) Z = 4.00 . (c) Z = 6.00 .
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The optical properties of the 10λ and 20λ diameter, 1.5 R / D ratio microlenses
are investigated in the same way. The corresponding electric field magnitude
distributions in the X-Z plane and the electric field magnitude profiles along the X axis
are attached in Appendix I and J, respectively. It is shown that for the 10λ and 20λ
diameter microlenses, the off-axis displacement of the incident beam waist also has a
relatively weak effect on the position and maximum electric field magnitude of the
transmitted beam waist. The transmitted beam waist position remains almost the same for
different off-axis illuminations. The maximum electric field magnitude of the transmitted
beam waist only slightly decreases and the transmitted beam waist radius slightly
increases as the off-axis displacement of the incident beam waist increases. The off-axis
displacement of the incident beam waist strongly affects the propagation direction of the
transmitted beam. For the 10λ diameter microlens, the propagation angle of the
transmitted beam closely matches that of the incident beam waist for all the three
different off-axis displacement illuminations. For the 20λ diameter microlens, the effect
of the off-axis displacement on the propagation angle of the transmitted beam becomes
even more significant. For the D / 20 displacement illumination, the propagation angle of
the transmitted beam reaches up to 5.57 . For the D /10 and 3D / 20 off-axis
displacements, the propagation angle grows to 6.14 and 6.84 .
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Chapter 4. Axial Combination Properties of Dual Microlenses
with Normal Monochromatic Plane Wave Illumination

For the advantages of light weight, minimized size and novel optical properties,
micro optical elements are widely used in modern optics systems, e.g., the Gabor
superlens [57-59], the compound eye [60,61] and the optical fiber coupler [62]. In order
to satisfy a specific optical property requirement, dual or multiple micro optical elements
are interconnected together. The design of these micro optical systems is simply
performed using the geometrical ray tracing theory [57-60,63-65] with the assumption
that the micro optical element aperture is far larger than the incident illumination
wavelength so that the diffraction effect [1] through the micro optical element aperture is
negligible. However, when the aperture of the micro optical element is comparable with
the incident illumination wavelength, the diffraction effect through the micro optical
element aperture becomes dominant [1] which results in optical properties significantly
different from that predicted by geometrical optics theory [26,27]. In Chapter 3, it was
shown that due to the diffraction effect, the microlens focusing characteristics are
different from that given by geometrical optics theory. The axial combination property of
microlenses cannot be accurately described using geometrical ray tracing theory. In this
chapter, the axial combination property of dual microlenses with normal monochromatic
plane wave illumination is investigated using the SVM in the oblate spheroidal
coordinate system.
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The minimization of the micro optical element aperture to be comparable with the
incident illumination wavelength has several practical interests, e.g., increasing the
optical system resolution and at the same time decreasing the size and weight of the
micro optical system. By combining dual or multiple micro optical elements together, the
defects caused by the diffraction effect through the micro optical element aperture can be
minimized and the specific optical property requirement can be satisfied. In the beginning
of this chapter, the computation procedure [14,15] used to investigate the axial
combination property of dual microlenses with normal monochromatic plane wave
illumination is first briefly introduced. Then the axial combination property of dual
microlenses of the same profile and diameter is investigated. The investigations are
emphasized on two parts: the improvement of the microlens focusing performance by
placing the dual microlenses close to each other and the microlens combination property
when the dual microlenses are placed relatively far away from each other. The axial
combination property of dual microlenses of different profiles and diameters is studied in
a similar way. The effect of the incident illumination direction (the axial combination
order) on the optical property is also discussed.

4.1 Computation procedure
The SVM in the oblate spheroidal coordinate system [4,12] for the single
microlens can be applied to investigate the axial combination property of dual
microlenses by simply calculating the electromagnetic field distributions inside of and
adjacent to each microlens iteratively. This computation procedure is also called “order
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of scattering” [66] and has been previously applied to investigate the interaction of a laser
beam with two adjacent transparent spherical particles [67]. The two microlenses can be
of different shapes, material properties and arrangements. Theoretically, the
electromagnetic field incident on the microlens can be any combined illuminations, e.g.,
plane wave, Gaussian beam and/or the scattered electromagnetic field from other
particles. The computation procedure can start with either microlens. The prescribed
incident illumination and the electromagnetic field scattered by the other microlens
(which is zero in the beginning) onto this microlens are treated as a combined
illumination source. The electromagnetic field distribution inside of and adjacent to the
microlens can be determined using the SVM in the oblate spheroidal coordinate system
as before. Then the same computation procedure is repeated for the other microlens. The
above computation procedure is repeated until the electromagnetic field distributions
inside of and adjacent to the two microlenses both reach steady-state. The
electromagnetic fields outside of the two microlenses are the sum of the prescribed
incident illumination and the electromagnetic fields scattered by the two microlenses
separately. The electromagnetic field inside of each microlens is the internal
electromagnetic field calculated separately for each microlens. The convergence of the
computation is confirmed by checking the continuity of the normal electromagnetic field
components on the dual microlens boundaries as was done for the single microlens.
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4.2 Dual microlenses of the same diameter and profile
4.2.1 Microlens of 20λ diameter and 1.0 R / D ratio
The axial combination property of dual 20λ diameter, 1.0 R / D microlenses is
investigated first. The two microlenses are interconnected through the symmetric Z axis.
In the following discussions, the 1st (left) microlens is always positioned at the origin and
only the 2nd (right) microlens is movable along the positive Z axis. The incident normal
monochromatic plane wave illumination propagates along the positive Z axis with its
electric field polarization direction along the positive X axis.
A typical electric field magnitude distribution in the X-Z plane is shown in Fig.
4.1 in which the 2nd microlens is positioned at 1.16 on the Z axis. As shown, the
transmitted illumination through the 1st (left) microlens is further converged by the 2nd
(right) microlens and creates a bright focus on the shadow side of the 2nd microlens.
Comparing with the electric field magnitude distribution of a single 20λ diameter, 1.0
R / D ratio microlens, which is shown in Fig. D.1a, it is obvious that the diameter of the

focus created by the dual microlenses optical system is effectively decreased and equals
1.3943λ . The maximum electric field magnitude in the focus region equals 17.6121

which is 1.3310 times of that created by a single microlens. The focal point, which is
determined by the maximum electric field magnitude in the focus region is at 2.043 on
the Z axis and is much closer to the origin that for the single microlens. The
magnification coefficient of the 2nd microlens, which is defined by the ratio of the radius
of the new focus created on the shadow side of the 2nd microlens to the radius of the
original focus created by a single microlens, equals 0.6899.
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Fig. 4.1: Grey-level plot of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 . The 2nd (right)
microlens center Z 2 = 1.16 on the Z axis. The plot is displayed using 32 levels between
0.0 and 17.65.
The geometrical lens combination theory [1,3] for the regular-size lens relies on
the lens geometrical focal length and enables the quick determination of the image
position and magnification coefficient of the optical system for any prescribed object.
Though the computational electromagnetics method can be used to investigate the axial
combination property of microlens optical system, it is time-consuming and doesn’t
provide a simple and straightforward description of the axial combination property of
microlens optical system. A similar algebraic lens combination formula for the micro
optical system would be very useful in the design of microlens optical system. In section
3.3, it was shown that the microlens actual focal length can be used to estimate the
transmitted beam waist position through a single microlens. The transmitted beam waist
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position calculated using the Rayleigh Range method (RRM) developed by Self [54] with
the microlens actual focal length was shown to closely match the exact position
determined using the SVM. In this section, the potential application of using the
microlens actual focal length to build a similar microlens combination formula is also
explored and discussed.
The normal monochromatic plane wave is used as the illumination source which
is equivalent to that of a virtual light source placed at an infinite distance away on the
illuminated side of the 1st microlens. The incident plane wave illumination is first
redirected by the 1st microlens and creates the original focus on the shadow side of the 1st
microlens. This focus can be taken as a virtual object of the 2nd microlens. The
electromagnetic field from the original focus is further redirected by the 2nd microlens
and creates a new focus. The investigation of the axial combination property of dual
microlenses is equivalent to the study of the imaging property of the 2nd microlens with
the original focus created by the 1st microlens as the object and the new focus created by
the 2nd microlens as its image.
The 1st microlens is located at the origin. The distance between the 1st microlens
center and the original focus created by the 1st microlens with normal monochromatic
plane wave illumination equals the microlens actual focal length f act . The 2nd microlens
is positioned on the shadow side of the 1st microlens at a distance of d . Thus the object
distance between the original focus created by the 1st microlens and the 2nd microlens
center equals d − f act . The classical geometrical imaging formula [1,3] for the 2nd
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microlens is given as
1 1 1
+ =
s s′ f

(4.1)

where s is the object distance, s′ is the image distance and f is the focal length of the
2nd microlens. For a microlens, the microlens thickness must be considered and then the
effective object distance, the effective imaging distance and the effective focal length
must be used in Eq. (4.1). For the case shown in Fig. 4.1, the 2nd microlens is placed at
1.16 on the Z axis. The new focus position on the shadow side of the 2nd microlens
calculated using Eq. (4.1) with the microlens actual focal length is 1.9860 on the Z axis
and closely matches the exact value, 2.0430, determined using the SVM. While using the
microlens geometrical focal length the new focus position is found to be 2.3464 on the Z
axis.
The profile of the 1.0 R / D ratio microlens is relatively thick. Its semi-minor axis
length is 0.4987 and its actual focal length is 2.0800. When the 2nd microlens is at 1.16 on
the Z axis, the focus created by the dual microlenses is located on the shadow side of the
2nd microlens. As shown in Fig. 4.2, when the 2nd microlens is placed at 1.76 and 2.16 on
the Z axis, part of the focus created by the dual microlenses is already inside of the 2nd
microlens and its exact position cannot be determined. The electromagnetic field
distribution on the shadow side of the 2nd microlens becomes divergent as the 2nd
microlens moves along the positive Z axis. As shown in Fig. 4.3, the focus created by the
dual microlenses moves relatively toward the left of the 2nd microlens and the
electromagnetic field distribution on the shadow side of the 2nd microlens becomes even
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more divergent as the 2nd microlens moves further along the positive Z axis.

(a)

(b)

Fig. 4.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 . (a) Z 2 = 1.76 . (b)
Z 2 = 2.16 . The plots are displayed using 32 levels between 0.0 and 15.70.
As shown in Fig. 4.3a, when the 2nd microlens is placed at 2.76 on the Z axis, the
electromagnetic illumination transmitted through the 2nd microlens is only slightly
divergent. It is obvious that there is a weak focus located on the shadow side of the 2nd
microlens. The actual and geometrical focal lengths of the 20λ diameter, 1.0 R / D ratio
microlens are 2.0800 and 2.6291, respectively. According to the geometrical optics
theory, the electromagnetic field transmitted through the 2nd microlens should be the
plane wave illumination when the 2nd microlens is placed at the dual geometrical focal
length distance on the right of the 1st microlens. For the microlens optical system, due to
the relatively strong diffraction effect through the microlens aperture, its axial
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combination property is much more complex and is different from that described by
geometrical optics theory. For the electric field magnitude distribution shown in Fig. 4.3b,
the 2nd microlens is placed at 4.16 on the Z axis which corresponds to the dual microlens
actual focal length position. As shown, the transmitted electromagnetic field through the
2nd microlens already starts to converge before the dual actual focal length position which
is different from that predicted by geometrical optics theory.

(a)

(b)

Fig. 4.3: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 . (a) Z 2 = 2.76 . (b)
Z 2 = 4.16 . The plots are displayed using 32 levels between 0.0 and 15.65.
As the 2nd microlens moves slightly further along the positive Z axis, the
electromagnetic field transmitted through the two microlenses converges and creates new
focuses on the shadow side of the 2nd microlens, which is shown in Fig. 4.4a. In Fig. 4.4a,
only the electric field magnitude distribution on the shadow side of the 2nd microlens is
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presented. The focus that is closest to the 2nd microlens already appears when the 2nd
microlens is placed at 2.76 on the Z axis (Fig. 4.3a) and is named as the “primary focus”.
The local maximum electric field magnitude of this primary focus gradually increases
and equals 4.0918, 5.0633 and 6.1914, respectively, when the 2nd microlens is placed at
2.76, 4.16 and 4.76 on the Z axis. The focus that is farthest away from the 2nd microlens
is named as the “secondary focus”. In between to the primary and secondary focuses,
there are another two focuses. The multiple focuses on the shadow side of the 2nd
microlens are caused by the relatively strong diffraction effect and the secondary effects
through the 2nd microlens aperture [1] and have been previously observed [25,26,43]. As
the 2nd microlens moves further along the positive Z axis, the electric field magnitude of
the secondary focus increases and at the same time the secondary focus moves relatively
closer to the 2nd microlens, which is shown in Fig. 4.4b.
The axial combination property of dual microlenses of different axial distance
arrangements is investigated using the SVM in the oblate spheroidal coordinate system.
The corresponding primary and secondary focus positions on the shadow side of the 2nd
microlens are determined and plotted in Fig. 4.5 as a function of the Z coordinate of the
2nd microlens. The focus positions calculated using Eq. (4.1) with the microlens
geometrical and actual focal lengths are also plotted in Fig. 4.5 for comparison. As shown,
when the two microlenses are placed closely with each other, the focus positions on the
shadow side of the 2nd microlens calculated using Eq. (4.1) with the microlens actual and
geometrical focal lengths (the solid and dashed lines) both closely match the exact
solution determined using the SVM (the solid square block). Actually, the focus position
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calculated using Eq. (4.1) and the microlens actual focal length is much more accurate
than that calculated using Eq. (4.1) and the microlens geometrical focal length. Only the
focus position that can be clearly determined from the plot is shown. As the 2nd microlens
moves slightly further along the positive Z axis, the focus created by the 2nd microlens
becomes virtual and its exact position can’t be determined. Thus its position is omitted
from the plot.

(a)

(b)

Fig. 4.4: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 . (a) Z 2 = 4.76 . (b)
Z 2 = 5.96 . The plots are displayed using 32 levels between 0.0 and 6.2.
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Fig. 4.5: Plot of the focus position as a function of the 2nd microlens position. D = 20λ
and R / D = 1.0 . The solid and dashed lines represent the focus position calculated using
Eq. (4.1) with the microlens actual and geometrical focal lengths, respectively. The
square block represents the exact focus position on the shadow side of the 2nd microlens
determined using the SVM when the two microlenses are placed closely with each other.
The upper-triangular and down-triangular symbols represent the exact primary and
secondary focus positions determined using the SVM when the two microlenses are
placed relatively far away from each other. The dotted line represents the auxiliary line
Z'=Z.
As shown in Fig. 4.5, the primary focus position varies almost linearly as the 2nd
microlens position. The distance between the primary focus and the 2nd microlens center
varies between 1.41 and 1.55 as the 2nd microlens moves from 2.76 to 8.76, which is
equivalent to 67.79% - 74.52% of the microlens actual focal length. The secondary focus
position calculated using Eq. (4.1) with the microlens actual focal length closely matches
and shares the same developing trend as the exact value determined using the SVM. The
secondary focus position calculated using Eq. (4.1) with the microlens geometrical focal
length shares the same developing trend, but is significantly different from the exact
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value. It is obvious that the microlens actual focal length is an important microlens
focusing characteristic.
In order to investigate the causes for the multiple focuses on the shadow side of
the 2nd microlens, the time-averaged Poynting Vector
=
P

1
Re(E × H* ) distribution in
2

the X-Z plane is shown in Fig. 4.6 for the transmitted electromagnetic field through a
single microlens at the origin. It provides a clear visualization of the energy flow and
propagation direction of the transmitted electromagnetic field through the 1st microlens.
In the plot, the direction and length of each arrow indicate the propagation direction and
field magnitude of the transmitted electromagnetic field.

Fig. 4.6: The time-averaged Poynting Vector distribution in the X-Z plane for the
transmitted electromagnetic field through a single microlens at the origin. D = 20λ and
R / D = 1.0 .
As shown, for the part of transmitted electromagnetic field that is close to the Z
axis, its propagation direction is almost parallel to the positive Z axis. This can be treated
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as the near plane wave illumination. It is further converged by the 2nd microlens and then
creates the primary focus on the shadow side of the 2nd microlens. This assumption is
further supported by the fact that the distance between the primary focus and the 2nd
microlens center remains almost the same as the 2nd microlens moves along the positive Z
axis. The fact that the distance between the primary focus and the 2nd microlens center is
less than the microlens actual focal length may be caused by the fact that the diffraction
effect through the central part of the microlens is different for that through the edge of the
microlens.
For the regular-size lens, the spherical wave emitted from a point source is
converged by the lens and creates the corresponding focus. In geometrical optics theory,
the object and image distances are related using Eq. (4.1) with the geometrical focal
length. In Fig. 4.5, it is shown that the secondary focus position calculated using Eq. (4.1)
with the microlens actual focal length closely matches the exact value determined using
the SVM. For the part of transmitted electromagnetic field that is far away from the Z
axis, it is radially divergent and can be treated as a near spherical wave. These two cases
are similar. From the electric field magnitude distributions and the time-averaged
Poynting vector distribution shown above, it is reasonable to assume that the part of
transmitted electromagnetic field that is far away from the Z axis is converged by the 2nd
microlens and then creates the secondary focus on the shadow side of the 2nd microlens.
As shown in Fig. 4.7, the primary and secondary focuses connect with each other
when the 2nd microlens is placed far away from the 1st microlens. This is consistent with
the developing trend of the primary and secondary focuses shown in Fig. 4.5. The length
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of the elongated focus along the Z coordinate is about 17.32 λ .

Fig. 4.7: Grey-level plot of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 . Z 2 = 9.16 .
Emax = 3.92 . The plot is displayed using 32 levels between 0.0 and 3.92.
The magnification coefficient, which is defined by the ratio of the diameter of the
new focus created by the 2nd microlens to the diameter of the original focus created solely
by the 1st microlens, is plotted in Fig. 4.8. As shown, the exact magnification coefficient
determined using the SVM (the symbols) is significantly different from that calculated
using Eq. (4.1) with the microlens focal length and only shares in a similar developing
trend when the 2nd microlens is placed relatively far away from the 1st microlens.
When the 2nd microlens is placed at 1.16 on the Z axis, the maximum electric field
magnitude of the new focus is 17.6121. As the 2nd microlens moves slightly along the
positive Z axis, the maximum electric field magnitude slightly decreases. It is 15.6999
when the 2nd microlens is placed at 1.76 on the Z axis. For the primary focus on the
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shadow side of the 2nd microlens, the local maximal electric field magnitude varies
between 3.9112 and 6.2956 as the 2nd microlens moves from 2.76 to 8.76 along the
positive Z axis. For the secondary focus, the local maximal electric field magnitude is
1.4417 when the 2nd microlens is placed at 4.76 on the Z axis. It reaches up to 3.8389
when the 2nd microlens is placed at 5.96 on the Z axis and varies between 3.6992 and
3.8333 as the 2nd microlens moves from 5.96 to 8.76 along the positive Z axis.

Fig. 4.8: Plot of the magnification coefficient of the 2nd microlens as a function of the 2nd
microlens position. D = 20λ and R / D = 1.0 . The solid and dash lines represent the
magnification coefficients calculated using Eq. (4.1) with the microlens actual and
geometrical focal lengths, respectively. The square block symbol represents the exact
magnification coefficient on the shadow side of the 2nd microlens determined using the
SVM when the two microlenses are placed closely with each other. The upper-triangular
and down-triangular symbols represent the exact primary and secondary magnification
coefficients determined using the SVM when the two microlenses are placed relatively
far away from each other.
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4.2.2 Microlens of 20λ diameter and 2.5 R / D ratio
The axial combination property of dual 20λ diameter, 2.5 R / D ratio microlenses
is investigated and compared with that of dual 20λ diameter, 1.0 R / D ratio microlenses.
For the 2.5 R / D ratio microlens, the lens profile is much thinner than that of the
1.0 R / D ratio microlens. The electric field magnitude distribution in the X-Z plane for
dual closely arranged microlenses is shown in Fig. 4.9a. Comparing with the electric field
magnitude distribution of the single microlens shown in Fig. D.1d, it is obvious that the
axial combination of dual microlenses effectively decreases the new focus diameter and
moves the new focus much closer to the origin, which is the same as for the 1.0 R / D
ratio microlens. The magnification coefficient is 0.7247. The maximum electric field
magnitude in the new focus region is 10.7197 which is 1.5184 times of that created by a
single microlens. The new focus position, which is determined by the maximum electric
field magnitude in the new focus region, is at 2.60 on the Z axis while the original focus
position was located at 3.60 on the Z axis.
As the 2nd microlens moves slightly along the positive Z axis, the electric field
magnitude distribution around the two microlenses changes in a similar way as for the
1.0 R / D ratio microlens. The relative distance between the 2nd microlens and the new
focus created on the shadow side of the 2nd microlens gradually decreases. The
corresponding electric field magnitude distributions are shown in Fig. 4.9b and 4.9c,
respectively, when the 2nd microlens is placed at 0.80 and 1.20 on the Z axis. The
magnification coefficient is 0.7935 and 0.6220, respectively. The maximum electric field
magnitude in the focus region is 9.6492 and 10.2023, respectively. The focus position is
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at 3.00 and 2.68 on the Z axis, respectively.
The corresponding electric field magnitude distributions in the X-Z plane when
the 2nd microlens is placed at 4.4, 7.2, 8.8 and 11.6 on the Z axis are shown in Fig. 4.10.
The microlens actual and geometrical focal lengths are 3.6001 and 5.2173, respectively.
As shown in Fig. 4.10a, when the 2nd microlens is at 4.4 on the Z axis, a position less than
the geometrical focal length of the 1st microlens, the transmitted illumination through the
1st microlens is further converged by the 2nd microlens and then creates the primary focus
on the shadow side of the 2nd microlens. When the 2nd microlens is at 7.2 on the Z axis,
the dual actual focal length position, the transmitted illumination through the 2nd
microlens is not the plane wave illumination and a primary focus is shown on the shadow
side of the 2nd microlens. As the 2nd microlens moves along the positive Z axis, the
relative distance between the 2nd microlens and the primary focus only slightly changes.
The relative distance between the 2nd microlens center and the primary focus is 2.80, 2.72,
3.05 and 2.85, respectively, when the 2nd microlens is placed at 4.4, 7.2, 8.8 and 11.6 on
the Z axis. This part of the combination property is similar with that of the 1.0 R / D ratio
microlens.
When the dual microlenses are placed relatively close with each other, the
combination property is similar with that of the 1.0 R / D ratio microlens. When the dual
microlenses are placed far away from each other, the combination property is slightly
different and depends on the microlens profile.
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(a)

(b)

(c)
Fig. 4.9: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 2.5 . (a) Z 2 = 0.40 . (b)
Z 2 = 0.80 . (c) Z 2 = 1.20 . The plots are displayed using 32 levels between 0.0 and 10.75.

81

(a)

(b)

(c)

(d)

Fig. 4.10: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 2.5 . (a) Z 2 = 4.40 . (b)
Z 2 = 7.20 . (c) Z 2 = 8.80 . (d) Z 2 = 11.60 . The plots are displayed using 32 levels between
0.0 and 8.64.
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The difference between the axial combination properties of the two different
profile microlenses is that for the 2.5 R / D ratio microlens, the electric field magnitude of
the secondary focus is much lower and the secondary focus is only observable when the
2nd microlens is placed relatively far away from the 1st microlens as shown in Fig. 4.10d.
As before, the time-averaged Poynting Vector distribution in the X-Z plane is shown in
Fig. 4.11 for the transmitted electromagnetic field through a single microlens at the origin.
For the part of the transmitted electromagnetic field that is close to the Z axis, its
propagation direction is nearly parallel to the Z axis and its electric field magnitude is
relatively high. It is converged by the 2nd microlens and then creates the bright primary
focus on the shadow side of the 2nd microlens. For the part of transmitted electromagnetic
field that is away from the Z axis, its propagation direction is near radially divergent and
its electric field magnitude is relatively low. It is converged by the 2nd microlens and
creates the secondary focus. The electric field magnitude of the secondary focus is much
lower than that of the 1.0 R / D ratio microlens. The secondary focus becomes less
observable. The 2.5 R / D ratio microlens is much thinner and its actual focal length is
much longer. Most of the transmitted electromagnetic illumination locates in the area that
is close to the Z axis. Thus the electric field magnitude of the primary focus is far larger
than that of the secondary focus.
As before, the focus position and magnification coefficient for different axial
arrangements are calculated using the SVM and Eq. (4.1) with the microlens actual and
geometrical focal lengths, and then are plotted in Fig. 4.12 and 4.13 as a function of the Z
coordinate of the 2nd microlens, respectively. As shown, the focus position calculated
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using Eq. (4.1) with the microlens actual and geometrical focal length closely matches
the exact value determined using the SVM when the dual microlenses are placed close
with each other. The primary focus position varies almost linearly with the Z coordinate
of the 2nd microlens and the corresponding focus distance changes between 2.72 and 3.05
when the Z coordinate of the 2nd microlens varies between 4.4 and 11.6. The secondary
focus position calculated using Eq. (4.1) with the microlens actual focal length closely
matches the exact value. The matching of the magnification coefficient is similar for the
two different profile microlenses.

Fig. 4.11: The time-averaged Poynting Vector distribution in the X-Z plane for the
transmitted electromagnetic field through a single microlens at the origin. D = 20λ and
R / D = 2.5 .
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Fig. 4.12: Plot of the focus position as a function of the 2nd microlens position. D = 20λ
and R / D = 2.5 .

Fig. 4.13: Plot of the magnification coefficient of the 2nd microlens as a function of the
2nd microlens position. D = 20λ and R / D = 2.5 .
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4.2.3 Microlens of 5λ and 10λ diameters
The axial combination properties of the 5λ and 10λ diameter microlenses are
investigated in the same way. Both the 1.0 and 2.5 R / D ratio microlenses are considered.
For the 10λ and 5λ diameter, 1.0 R / D ratio microlenses, the corresponding
electric field magnitude distributions in the X-Z plane are shown in Appendix K and L,
respectively. As shown, the 10λ and 5λ diameter microlenses exhibit a similar axial
combination property as the 20λ diameter microlens. As the microlens diameter
decreases, the diffraction effect becomes relatively strong and the secondary focus
number decreases. For the 5λ diameter microlens, as its focal length is relative short,
part of the new focus created by the dual microlenses locates inside of the 2nd microlens
even though the two microlenses are placed closely with each other. Due to the relatively
strong diffraction effect, only the two primary and secondary focuses exist on the shadow
side of the 2nd microlens. This secondary focus is blurred and its position varies linearly
as the Z coordinate of the 2nd microlens, which is different from that of the 10λ and 20λ
diameter microlenses. The magnification coefficient is significantly different from the
predicted value and becomes meaningless. Thus it is not included.
For the 10λ and 5λ diameter, 2.5 R / D ratio microlenses, the corresponding
electric field magnitude distributions in the X-Z plane are shown in Appendix M and N,
respectively. Their axial combination properties are similar with that of the 20λ diameter
microlens. For the 10λ and 5λ diameter microlenses, the electric field magnitude of the
secondary focus becomes even lower and makes the secondary focus almost invisible.
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Thus the secondary focus characteristics are not included in the plots. For the 5λ
diameter microlens, as the 2nd microlens moves along the positive Z axis, there isn’t a
distinct position that distinguishes whether the transmitted electromagnetic field through
the 2nd microlens is divergent or convergent. There is always a focus on the shadow side
of the 2nd microlens, which is caused by the diffraction effect through the microlens.

4.3 Dual microlenses of different diameters and profiles
The axial combination property of dual microlenses of different diameters and
profiles is studied in this section. This investigation emphasizes the focusing property of
dual closely arranged microlenses and the imaging property of dual distant separated
microlenses. In the following discussions, all the lengths and coordinates in the Cartesian
coordinate are normalized by the semi-focal length of the oblate spheroidal coordinate
system. Due to this special nondimensionalization method, the microlens diameter in the
Cartesian coordinate is apparent to be slightly different for microlenses of the same
diameter but different profiles. Thus it is necessary to scale the diameter and profile of
different microlenses to the same base. In the following discussions, the 1st microlens
diameter and profile in the Cartesian coordinate are left unchanged and the apparent
diameter and profile of the 2nd microlens is scaled proportionally basing on the diameter
of the 1st microlens. The scaling coefficient equals the ratio of the spheroidal coordinate
size parameters of the two microlenses h2 / h1 .

87
4.3.1 Microlenses of the same diameter but different profiles
The investigation is first performed for the 20λ diameter microlens. The R / D
ratio is set to be 1.0 for the 1st microlens and 2.5 for the 2nd microlens. As before, the 1st
microlens is placed at the origin and only the 2nd microlens is movable along the positive
Z axis. The corresponding electric field magnitude distributions in the X-Z plane are
shown in Fig. 4.14 when the 2nd microlens is placed at 0.80, 1.20 and 1.60 on the Z axis.
As shown, the transmitted electromagnetic field through the 1st microlens is further
converged by the 2nd microlens. The maximum electric field magnitude in the focus
region equals 14.3055, 15.0853 and 14.2739, respectively, which is equal to 1.0811,
1.1400, and 1.0787 times of the maximum electric field magnitude created by a single
20λ diameter, 1.0 R / D ratio microlens. The 20λ diameter, 2.5 R / D ratio microlens

only slightly further converges the transmitted electromagnetic field through the 1st
microlens. The focus on the shadow side of the 2nd microlens is located at 1.85, 2.15 and
2.30 on the Z axis, respectively. The magnification coefficient equals 0.8665, 0.8894 and
0.9413, respectively. The 20λ diameter, 2.5 R / D ratio microlens only slightly
decreases the new focus diameter in the X-Y plane.
As before, the lens imaging formula Eq. (4.1) is applied to estimate the focus
position and the magnification coefficient. Using Eq. (4.1) with the microlens actual focal
length, the focus is found to be at 1.87, 2.03 and 2.14 on the Z axis, respectively, and the
magnification coefficient is 0.7490, 0.8095 and 0.8806, respectively. Using Eq. (4.1) with
the microlens geometrical focal length, the focus is found to be at 1.96, 2.08 and 2.16 on
the Z axis, respectively, and the magnification coefficient is 0.8132, 0.8611 and 0.9150,
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respectively. It is obvious that when the dual microlenses are placed closely with each
other, the focus position and the magnification coefficient calculated using Eq.(4.4) with
the microlens actual and geometrical focal length both closely match the exact values.
The axial combination direction of the dual microlenses affects the optical
property of the dual microlenses optical system. In the following discussions, the two
microlenses are switched. The R / D ratio equals 2.5 for the 1st microlens and 1.0 for the
2nd microlens. In the Cartesian coordinate, the radius of 2.5 R / D ratio microlens equals
1.0206 while the radius of the 1.0 R / D ratio microlens equals 1.1547. In the following
discussions, the nondimensionalized distance between the dual microlenses is scaled
proportionally based on the 1st microlens diameter in the Cartesian coordinate so that the
actual distance between the dual microlenses is the same as the previous three settings,
and equals 0.7071, 1.0606, and 1.4141, respectively. The corresponding electric field
magnitude distributions in the X-Z plane are shown in Fig. 4.15.
For the new arrangement, the maximum electric field magnitude of the focus is
15.1829, 15.3510 and 14.6253, respectively. In comparison with the preceding
arrangement, for the same axial combination distance the maximum electric field
magnitude of the focus is much higher when the 2.5 R / D ratio microlens is placed at the
origin. The Z coordinate of the focus is 2.0271, 2.3806, and 2.7741, respectively. The
focus position is highly depended on the focusing characteristics of the 1st microlens. The
corresponding magnification coefficient equals 0.4956, 0.5135, and 0.5565. The new
focus diameters obtained by the two different combination methods are close with each
other after scaling to the same microlens coordinate system.
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(a)

(b)

(c)
Fig. 4.14: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. For both microlenses, D = 20λ . R / D = 1.0
for the 1st microlens and R / D = 2.5 for the 2nd microlens. (a) Z 2 = 0.80 . (b) Z 2 = 1.20 .
(c) Z 2 = 1.60 . The plots are displayed using 32 levels between 0.0 and 15.10.
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(a)

(b)

(c)
Fig. 4.15: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. For both microlenses, D = 20λ . R / D = 2.5
for the 1st microlens and 1.0 for the 2nd microlens. (a) Z 2 = 0.7071 . (b) Z 2 = 1.0606 . (c)
Z 2 = 1.4141 . The plots are displayed using 32 levels between 0.0 and 15.50.
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Using Eq. (4.1) with the microlens actual focal length, the Z coordinate of the
focus is found to be 1.9331, 2.2278 and 2.5223, respectively, and the corresponding
magnification coefficient is calculated to be 0.3631, 0.3916 and 0.4260, respectively.
Using Eq. (4.1) with the microlens geometrical focal length, the Z coordinate of the focus
is found to be 2.1034, 2.3895 and 2.6650, respectively, and the magnification coefficient
is calculated to be 0.4217, 0.4523 and 0.4878, respectively. The focus position and the
magnification coefficient calculated using Eq.(4.1) with the microlens actual and
geometrical focal length both closely match with the exact values determined by the
SVM. The axial combination property of dual closely arranged microlenses depends on
the axial combination order and is similar as the regular-size lens.
When the 2nd microlens is placed far away from the 1st microlens, the 2nd
microlens images the original focus created by the 1st microlens and creates a new focus
on its shadow side. Its imaging property is similar with that of the dual microlenses of the
same diameter and profile. Two typical electric field magnitude distributions in the X-Z
plane are shown in Fig. 4.16.
For both cases, a primary focus exists on the shadow side of the 2nd microlens.
The maximum electric field magnitude of the primary focus is higher when the 2.5 R / D
ratio microlens is placed at the origin and the 1.0 R / D ratio microlens is placed on its
right. The electric field magnitude of the secondary focus is so low that it is almost
invisible in the two plots. As the focal length of the 2.5 R / D ratio microlens is larger, the
corresponding divergence of the focused illumination through this microlens is much
lower in comparison with that through the 1.0 R / D ratio microlens. More energy
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transmits and is incident onto the 2nd microlens. Thus the maximum electric field
magnitude of the primary focus created by the 2nd microlens is much higher.

(a)

(b)

Fig. 4.16: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ . (a) R / D = 1.0 for the 1st microlens
and R / D = 2.5 for the 2nd microlens. Z 2 = 5.20 . (b) R / D = 2.5 for the 1st microlens and
R / D = 1.0 for the 2nd microlens. Z 2 = 6.0096 . The plots are displayed using 32 levels
between 0.0 and 9.60.
Similar investigations are performed for the 10λ and 5λ diameter microlenses.
The axial combination properties of the 10λ and 5λ diameter microlenses are similar
with that of the 20λ diameter microlens. When the dual microlenses are placed far away
from each other, a focus is created on the shadow side of the 2nd microlens. The relative
distance between the focus and the 2nd microlens varies slightly and the maximum
electric field magnitude of the focus also changes slightly. Thus only the electric field
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magnitude distributions in the X-Z plane when the dual microlenses are placed closely
with each other are shown in Appendix O. For the close axial combination, when the
distance between the dual microlenses is the same, the maximum electrical field
magnitude of the focus region is generally higher if the 2.5 R / D ratio microlens is placed
at the origin.

4.3.2 Microlenses of different diameters and profiles
The purpose of axially combining different diameter and profile microlenses is
mainly to increase the maximum electric field magnitude of the focus region and
decrease the focus diameter. In the following discussions, the larger diameter microlens is
placed at the origin to collect and converge the incident illumination. The smaller
diameter microlens is placed on its right to further converge the transmitted electric field
through the 1st microlens.
The investigation starts with the axial combination of the 20λ diameter, 1.0 R / D
ratio microlens and the 10λ diameter, 1.0 R / D ratio microlens. The electric field
magnitude distributions in the X-Z plane are calculated for different axial combination
arrangements. It is found that the maximum electric field magnitude in the focus region
reaches the maximum when the 20λ diameter, 1.0 R / D ratio microlens is placed at the
origin and the 10λ diameter, 1.0 R / D ratio microlens is placed approximately at 1.60 on
the Z axis. The corresponding electric field magnitude distribution in the X-Z plane is
shown in Fig. 4.17a. The maximum electric field magnitude in the focus region equals
20.0587 which is 1.1389 times of that achieved by the axial combination of dual 20λ
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diameter, 1.0 R / D ratio microlenses, which is 17.6121. The focus diameter in the X-Y
plane is 0.1453 which is 0.9025 times of that obtained by the axial combination of dual
20 diameter, 1.0 R / D ratio microlenses, which is 0.1610.

(a)

(b)

Fig. 4.17: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 for the 1st microlens.
(a) D = 10λ and R / D = 1.0 for the 2nd microlens. Z 2 = 1.60 . (b) D = 10λ and
R / D = 2.5 for the 2nd microlens. Z 2 = 1.20 . The plot is displayed using 32 levels

between 0.0 and 20.10.

The axial combination of the 20λ diameter, 1.0 R / D ratio microlens and the
10λ diameter, 2.5 R / D ratio microlens is also investigated. The electric field magnitude

distribution in the X-Z plane that corresponds to the approximate maximum electric field
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case is shown in Fig. 4.17b. The focusing capability of the 10λ diameter, 2.5 R / D ratio
microlens is slightly weaker. The maximum electric field magnitude achieved is 16.2709
which is lower than that obtained by dual 20λ diameter, 1.0 R / D ratio microlenses. The
minimum focus diameter obtained is 0.1562.
For the axial combination of the 20λ diameter, 1.0 R / D ratio microlens and the
5λ diameter, 1.0 and 2.5 R / D ratio microlenses, the corresponding electric field

magnitude distributions in the X-Z plane are shown in Fig. 4.18. The maximum electric
field magnitude in the focus region equals 18.8314 and 18.0394, respectively, for the 5λ
diameter, 1.0 and 2.5 R / D ratio microlenses, which are larger than that obtained using
dual 20 diameter, 1.0 R / D ratio microlenses. The focus diameter equals 0.1391 and
0.1489, respectively.
For the 20λ diameter, 2.5 R / D ratio microlens, the axial combination property
is investigated in the same way. The corresponding electric field magnitude distributions
in the X-Z plane are shown in Appendix P. The maximum electric magnitude is obtained
when the 2nd microlens is positioned near the original focus created by the 1st microlens.
Using a 2nd microlens of smaller diameter, usually the maximum electric field magnitude
obtained is much higher. The axial combination properties of the 10λ and 5λ diameter
microlenses are investigated in the same way and are found to be similar as that of the
20λ diameter microlens. The corresponding electric field distributions in the X-Z plane

are shown in Appendix P.
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(a)

(b)

Fig. 4.18: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 1.0 for the 1st microlens.
(a) D = 5λ and R / D = 1.0 for the 2nd microlens. Z 2 = 1.60 . (b) D = 5λ and R / D = 2.5
for the 2nd microlens. Z 2 = 1.60 . The plots are displayed using 32 levels between 0.0 and
18.90.
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Chapter 5. Axial Combination Properties of Dual Microlenses
with Normal Monochromatic TEM00 mode Gaussian Beam
Illumination

The interaction of a single microlens with monochromatic TEM00 mode Gaussian
beam illumination was investigated in Chapter 3. It was shown that the transmitted beam
through a single microlens has a near TEM00 mode Gaussian beam profile. The
transmitted beam waist position calculated using the RRM [54] with the microlens actual
focal length closely matches the exact value determined using the SVM in the oblate
spheroidal coordinate system. If the microlens geometrical focal length is used, there is a
significant difference. The RRM shows a potential application for the quick
determination of the transmitted beam waist position through a single microlens.
In the optical system, the incident Gaussian beam illumination is usually designed
to pass through a single microlens or multiple lenses in order to place the transmitted
beam waist at specific position. The dual microlens optical system is a basic component
and its optical properties can be used to deduce that of the multiple microlenses optical
system. In this chapter, the axial combination property of dual microlenses with
monochromatic TEM00 mode Gaussian beam illumination is investigated using the SVM
in the oblate spheroidal coordinate system and the computation procedure described in
Section 4.1. As the SVM in the oblate spheroidal coordinate system is theoretically
applicable to any prescribed illumination source, the computation procedure - the “order
of scattering” technique described in Section 4.1 is also applicable for the TEM00 mode
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Gaussian beam illumination. As before, the dual microlenses are axially combined along
the symmetric Z axis. The 1st microlens is placed at the origin and only the 2nd microlens
is movable along the positive Z axis. The investigation is limited to the 1.0 R / D ratio
microlens of three different diameters. The combination properties of other different
profile microlenses are similar and not further discussed.
In the following discussions, the on-axis monochromatic TEM00 mode Gaussian
beam illumination is incident along the positive Z axis at 0 angle of incidence with its
electric field polarization direction along the positive X axis. The incident beam waist is
placed at one microlens diameter distance away from, and on the illuminated side of, the
1st microlens. The incident beam waist radius can be 1/ 3 , 1/ 4 and 1/ 6 of the 1st
microlens diameter. The incident normal monochromatic TEM00 mode Gaussian beam
illumination transmits through the 1st microlens and creates the 1st transmitted beam
waist. This transmitted illumination has a near TEM00 mode Gaussian beam profile, and
continues passing through the 2nd microlens where it creates a 2nd transmitted beam waist.
The 1st transmitted beam waist position is known and has already been determined using
the SVM in the oblate spheroidal coordinate system in Chapter 3. The 2nd transmitted
beam waist position is determined exactly using the SVM in this chapter. The
applicability and accuracy of utilizing the RRM [54] to determine the 2nd transmitted
beam waist characteristics based on the 1st transmitted beam waist characteristics are
studied. The application of dual closely arranged microlenses to improve the transmitted
beam waist characteristics, e.g., increasing the maximum electric field magnitude of the
transmitted beam waist and decreasing the transmitted beam waist radius, is investigated.
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5.1 Microlens of the same diameter and profile
The axial combination property of dual microlenses of the same diameter and
profile is investigated first. The computational simulation starts with the 20λ diameter,
1.0 R / D ratio microlens. The incident beam waist is positioned at one microlens
diameter distance away from and on the illuminated side of the 1st microlens and the
incident beam waist radius w0 equals D / 3 . The corresponding electric field magnitude
distribution in the X-Z plane is shown in Fig. 5.1 when the 2nd microlens is placed at 1.16
on the Z axis.

Fig. 5.1: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
normal monochromatic TEM00 mode Gaussian beam illumination. D = 20λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . The Z coordinate of the 2nd microlens Z 2 = 1.16 . The
incident beam waist radius w0 = D / 3 and the incident beam waist is positioned at − D
on the Z axis. The transmitted beam waist radius w0′ = 0.09105 . The plot is displayed
using 32 levels between 0.0 and 8.32.
As shown, the transmitted illumination through the 1st microlens is further
converged by the 2nd microlens and creates a new highly focused beam waist on the
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shadow side of the 2nd microlens. The maximum electric field magnitude of the new
transmitted beam waist equals 8.3074 which is 1.4471 times that created by a single
microlens. The transmitted beam waist is located at 2.06 on the Z axis. The magnification
coefficient, defined by the ratio of the 2nd transmitted beam waist radius created by the
dual microlenses to the 1st transmitted beam waist radius created by a single microlens,
equals 0.7099. The axial combination of dual closely arranged microlenses can
effectively increase the maximum electric field magnitude of the transmitted beam waist
and meanwhile decrease the transmitted beam waist radius.
In Chapter 3, it was determined, using the SVM, that for the same incident
illumination setting, the transmitted beam waist created solely by the 1st microlens is
located at 2.15 on the Z axis. The thickness of the microlens used in this chapter equals
0.9974. As the 2nd microlens moves further along the positive Z axis, the 2nd microlens
will gradually pass through the transmitted beam waist created by the 1st microlens. The
corresponding electric field magnitude distributions in the X-Z plane when the 2nd
microlens is placed right before and after the original transmitted beam waist created by
the 1st microlens are shown together in Fig. 5.2.
As shown in Fig. 5.2b, when the 2nd microlens is placed right after the transmitted
beam waist created by the 1st microlens, the transmitted illumination through the 2nd
microlens is divergent. The transmitted beam waist through the dual microlenses is
virtual. It locates on the illuminated side of the 2nd microlens and the exact position
cannot be determined. As the 2nd microlens gradually moves further along the positive Z
axis, the transmitted electromagnetic field through the 2nd microlens starts to converge
and then creates a new transmitted beam waist on the shadow side of the 2nd microlens, as
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shown in Fig. 5.3. In the plot, the 2nd microlens is located at 5.96 on the Z axis and the
new transmitted beam waist is located at 10.66 on the Z axis. The maximum electric field
of the new transmitted beam waist equals 2.4152 and the corresponding magnification
coefficient equals 1.8335.

(a)

(b)

Fig. 5.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane
with normal monochromatic TEM00 mode Gaussian beam illumination. D = 20λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . (a) Z 2 = 1.56 . Emax = 7.4428 . w0′ = 0.0978 . (b)
Z 2 = 3.16 . The plots are displayed using 32 levels between 0.0 and 7.50.
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Fig. 5.3: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
normal monochromatic TEM00 mode Gaussian beam illumination. D = 20λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . Z 2 = 5.96 . Emax = 2.4152 . w0′ = 0.23515 . The plot is
displayed using 32 levels between 0.0 and 3.43.
For different 2nd microlens position arrangements, the corresponding electric field
magnitude distributions in the X-Z plane are calculated using the SVM. The
corresponding 2nd transmitted beam waist characteristics, e.g., the beam waist position,
the maximum electric field magnitude and the magnification coefficient, are determined.
Based on the transmitted beam waist characteristics through a single microlens
determined in Section 3.3, the transmitted beam waist position and the magnification
coefficient through the 2nd microlens are also calculated using the RRM [54] with the
microlens actual and geometrical focal lengths. The transmitted beam waist positions
determined using these three methods are plotted together in Fig. 5.4 as a function of the
2nd microlens position.
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Fig. 5.4: Plot of the transmitted beam waist position as a function of the 2nd microlens
position. The solid and dashed lines are the transmitted beam waist positions calculated
using the RRM with the microlens actual and geometrical focal lengths, respectively. The
solid block is the exact value determined using the SVM in the oblate spheroidal
coordinate system.
As shown, when the dual microlenses are placed closely with each other, the
transmitted beam waist positions through the dual microlenses calculated using the RRM
with the microlens actual and geometrical focal lengths overlap with each other and
closely match the exact value determined using the SVM. When the dual microlenses are
placed far away from each other, the transmitted beam waist position calculated using the
RRM with the microlens actual focal length matches the exact value determined using the
SVM much better than that calculated using the RRM with the microlens geometrical
focal length. As the 2nd microlens moves further along the positive Z axis, the transmitted
beam waist position calculated using the RRM with the microlens actual focal length
matches the exact value even better. The maximum difference between the exact value
and that calculated using the RRM with the microlens actual focal length is 1.0790,
which corresponds to a percentage difference of 9.29%. The maximum difference
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between the exact value and that calculated using the RRM with the microlens
geometrical focal length is 2.8997, which corresponds to a percentage difference of
24.98%.
Similarly, the corresponding magnification coefficients are plotted in Fig. 5.5 as a
function of the 2nd microlens position. As shown, the magnification coefficients
determined using the RRM with the microlens actual and geometrical focal lengths
overlap with each other and closely match the exact value when the dual microlenses are
placed closely with each other. When the dual microlenses are placed far away from each
other, the magnification coefficient calculated using the RRM with the microlens
geometrical focal length matches the exact value much better, which is different from the
transmitted beam waist position. In Chapter 3, it was also observed that the magnification
coefficient through a single microlens calculated using the RRM with the microlens
geometrical focal length matches the exact value determined by the SVM much better.

Fig. 5.5: Plot of the magnification coefficient as a function of the 2nd microlens position.
The solid and dashed lines are the magnification coefficients calculated using the RRM
with the microlens actual and geometrical focal lengths, respectively. The solid blocks are
the exact value calculated using the SVM in the oblate spheroidal coordinate system.
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The effect of the incident beam waist radius is considered. The investigations are
also performed for the same microlens with the D / 4 and D / 6 beam waist radius
TEM00 mode Gaussian beam illuminations. The corresponding electric field magnitude
distributions in the X-Z plane are similar with that of the D / 3 beam waist radius
monochromatic TEM00 mode Gaussian beam illumination. The transmitted beam waist
position and magnification coefficient are plotted as a function of the 2nd microlens
position in Fig. 5.6a and 5.7a, respectively, for the D / 4 beam waist radius illumination.
For the D / 6 beam waist radius illumination, the transmitted beam waist position and
magnification coefficient are plotted in Fig. 5.6b and 5.7b, respectively.

(a)

(b)

Fig. 5.6: Plots of the transmitted beam waist position as a function of the 2nd microlens
position. D = 20λ and R / D = 1.0 . (a) w0 = D / 4 . (b) w0 = D / 6 . The incident beam
waist is located at − D on the Z axis.
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(a)

(b)

Fig. 5.7: Plots of the magnification coefficient as a function of the 2nd microlens position.
D = 20λ and R / D = 1.0 . (a) w0 = D / 4 . (b) w0 = D / 6 . The incident beam waist is
located at − D on the Z axis.
As shown in Fig. 5.6, it is obvious that for the TEM00 mode Gaussian beam
illumination of D / 4 and D / 6 beam waist radiuses, the transmitted beam waist position
calculated using the RRM with the microlens actual focal length closely matches the
exact value determined using the SVM in the oblate spheroidal coordinate system, and is
much more accurate in comparison with that calculated using the microlens geometrical
focal length, which is the same as the TEM00 mode Gaussian beam illumination of D / 3
beam waist radius. For the Gaussian beam illumination of D / 4 beam waist radius, the
maximum difference between the exact transmitted beam waist position and that
calculated using the RRM with the microlens actual focal length is 0.7505 which
corresponds to a percentage difference of 6.94%. While using the geometrical focal
length, the maximum difference and the corresponding percentage difference are 2.2393
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and 20.71%. For the Gaussian beam illumination of D / 6 beam waist radius, the
maximum difference and the corresponding percentage difference are 0.6858 and 7.17%
when using the actual focal length, and are 1.1096 and 9.68% when using the geometrical
focal length. As the incident beam waist radius decreases from D / 3 down to D / 6 , the
transmitted beam waist position calculated using the RRM with the microlens actual focal
length becomes more and more accurate. The transmitted beam through a single
symmetrical biconvex microlens has a near TEM00 mode Gaussian beam profile. The
RRM is found to be applicable to this kind of illumination.
As shown in Fig. 5.7, for the Gaussian beam illuminations of D / 4 and D / 6
beam waist radiuses, the magnification coefficient calculated using the RRM with the
microlens geometrical focal length better matches the exact value determined using the
SVM and develops in the same trend. As the incident Gaussian beam waist radius
decreases, the magnification coefficient calculated matches the exact value even better.
The axial combination properties for the 5λ and 10λ diameter, 1.0 R / D ratio
microlenses are investigated in the same way. For each diameter microlens, the incident
beam waist is positioned at one microlens diameter distance away from and on the
illuminated side of the 1st microlens. The incident beam waist radius can be D / 3 , D / 4 ,
and D / 6 . The transmitted beam waist position and the magnification coefficient are
plotted in Appendix Q and R, respectively, for the 5λ and 10λ diameter microlenses. As
shown, the transmitted beam waist position calculated using the RRM with the microlens
actual focal length closely matches the exact value determined using the SVM. The
magnification coefficient calculated using the RRM with the microlens geometrical focal
length matches the exact value much better. This conclusion is the same as that for the
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20λ microlens.

5.2 Microlens of the same profile but different diameters
In the previous section, the axial combination properties of dual microlenses of
the same profile and diameter was studied. The investigation emphasized on the
applicability and accuracy of using the RRM with the microlens actual and geometrical
focal lengths to calculate the transmitted beam waist characteristics through the dual
microlenses based on the knowledge of the exact transmitted beam waist characteristics
through a single microlens. The axial combination property of dual microlenses of the
same profile but different diameters is investigated in this section. The computational
study emphasizes the improvement of the transmitted beam waist characteristics by
combining different diameter microlenses together, e.g., increasing the maximum electric
field magnitude of the transmitted beam waist and decreasing the transmitted beam waist
radius.
The 1.0 R / D ratio microlenses of three different diameters ( 5λ , 10λ and 20λ )
are considered for investigation. The larger diameter microlens is placed at the origin to
collect and converge the incident TEM00 mode Gaussian beam illumination into a new
transmitted beam waist on its shadow side. The smaller diameter microlens is placed
directly in front of the new transmitted beam waist created by the 1st microlens in order to
further decrease the transmitted beam waist radius and increase the maximum electric
field magnitude of the transmitted beam waist. Only the 1.0 R / D ratio microlens is
considered and the axial combination properties of other different profile microlenses are
similar and not further discussed.
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The investigation starts with the 20λ and 10λ diameter microlenses. The 20λ
diameter microlens is placed at the origin and the 10λ diameter microlens is placed close
to the transmitted beam waist created by the 20λ diameter microlens. The computations
are performed for different axial distance arrangements using the SVM. It is found that
when the 10λ diameter microlens is placed approximately at 1.16 on the Z axis, the
maximum electric field magnitude of the transmitted beam waist created by the dual
microlenses reaches a maximum of 9.3301. The corresponding transmitted beam waist
radius is 0.7045λ . The corresponding electric field magnitude distribution in the X-Z
plane is shown in Fig. 5.8. As calculated in the previous section, for the axial
combination of dual 20λ diameter, 1.0 R / D ratio microlenses, the maximum electric
field of the transmitted beam waist is 8.3074 and the corresponding transmitted beam
waist radius is 0.7885λ when the 2nd microlens is placed at 1.16 on the Z axis. It is
obvious that the replacement of the 20λ diameter microlens with the 10λ diameter
microlens can effectively improve the transmitted beam waist characteristics.
Now the 1st microlens is kept the same, but the 2nd microlens is replaced with the
5λ diameter, 1.0 R / D ratio microlens. For this new dual microlenses optical system,

the maximum electric field magnitude of the transmitted beam waist is achieved when the
2nd microlens is placed at 1.96 on the Z axis. The corresponding electric field magnitude
in the X-Z plane is shown in Fig. 5.9. As the 2nd microlens diameter is decreased from
10λ to 5λ , the maximum electric field magnitude of the transmitted beam waist is

effectively increased and the transmitted beam waist radius is effectively decreased. The
maximum electric field magnitude of the transmitted beam waist is 9.8886. The
transmitted beam waist radius is 0.6481λ .
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Fig. 5.8: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
normal monochromatic TEM00 mode Gaussian beam illumination. For the 1st microlens
D = 20λ and for the 2nd microlens D = 10λ . R / D = 1.0 , Z 2 = 1.16 , θinc = 0 and

θ pol = 0 . w0 = D / 3 and the incident beam waist is placed at − D on the Z axis. The plot
is displayed using 32 levels between 0.0 and 9.35.

Fig. 5.9: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
normal monochromatic TEM00 mode Gaussian beam illumination. For the 1st microlens
D = 20λ and for the 2nd microlens D = 5λ . R / D = 1.0 , Z 2 = 1.96 , θinc = 0 and

θ pol = 0 . w0 = D / 3 and the incident beam waist is placed at − D on the Z axis. The plot
is displayed using 32 levels between 0.0 and 9.90.
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The axial combination of dual 1.0 R / D ratio microlenses of 10λ and 5λ
diameters is also investigated. The corresponding electric field magnitude distribution in
the X-Z plane is shown in Fig. 5.10. The maximum electric field magnitude of the
transmitted beam waist is achieved when the 2nd microlens is placed at 1.16 on the Z axis
and equals 5.1356. The corresponding transmitted beam waist radius equals 0.6246λ .
For dual 10λ diameter, 1.0 R / D ratio microlenses, the maximum electric field of the
transmitted beam waist equals 4.2598 and the corresponding transmitted beam waist
radius equals 0.7450λ when the 2nd microlens is placed at 2.06 on the Z axis. The
replacement of the 10λ diameter microlens with the 5λ diameter microlens effectively
decreases the transmitted beam waist radius and increases the maximum electric field
magnitude of the transmitted beam waist.

Fig. 5.10: Grey-level plot of the electric field magnitude distribution in the X-Z plane
with normal monochromatic TEM00 mode Gaussian beam illumination. For the 1st
microlens D = 10λ and for the 2nd microlens D = 5λ . R / D = 1.0 , Z 2 = 1.16 , θinc = 0
and θ pol = 0 . w0 = D / 3 and the incident beam waist is placed at − D on the Z axis. The
plot is displayed using 32 levels between 0.0 and 5.14.
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The above three comparisons show that generally the replacement of the 2nd
microlens with a smaller diameter microlens can effectively decrease the transmitted
beam waist radius and increase the maximum electric field magnitude of the transmitted
beam waist.

113

Chapter 6. Interference Effect between Dual Parallel-arranged
Microlenses

with

Normal

Monochromatic

Plane

Wave

Illumination

As the microlens diameter is comparable with the incident illumination wave
length, the diffraction effect through the microlens aperture is relatively strong in
comparison with that through the regular-size lens. It was shown in Chapter 3 that due to
the diffraction effect, the microlens actual focal length is less than its corresponding
geometrical focal length. When two microlenses are parallel-arranged on the same plane
and the distance between the dual microlenses is relatively small in comparison with the
microlens diameter, the relative strong diffraction effect through the microlens aperture
may affect the focusing property of the dual microlenses optical system. The interference
effect between dual parallel-arranged microlenses (of the same diameter and profile) with
normal monochromatic plane wave illumination is investigated in this chapter.
In commercial microlens optical components, usually thousands of microlenses
are built and closely arranged in the grid pattern on a single transparent plate. The gap
between microlenses is relatively small. In this case, the interference effect between these
microlens elements could be relatively strong and will affect the optical performance of
the microlens optical component. A typical application of the microlens array is the
CMOS/CCD image sensor [48] which includes a dense microlens array to focus the
incident illumination from the image lens onto the sensor pixels. Another application of
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the microlens array is the back light LCD monitor which employs the microlens array to
focus the background illumination light to the active area of the LCD to generate the
image. The interference effect between the microlens elements can potentially affect the
focal distance, the focus radius and the field intensity of the focus, and finally affect the
performance and efficiency of the total optical system. Thus it is of practical interest to
investigate the interference effect among the microlens optical components. In order to
simplify the investigation, only the interference effect between dual parallel-arranged
microlenses is studied here. The interference effect and optical performance of the
microlens array can be deduced from the research results of the dual microlenses optical
system.
The interference effect between dual or multiple parallel-arranged microlenses
has already been investigated previously [33,34,35]. The investigations are different from
that shown in this chapter. The microlenses used in the previous works [33,34,35] are the
two-dimensional discontinuous-profile diffractive lenses, while the one used in this work
is the three-dimensional, continuous-profile near-oblate lens. The main computation
method used in the previous works [33,34,35] is the Boundary Element method while the
computation method used in this chapter is the SVM in the oblate spheroidal coordinate
system. In the previous works, the effects of the incident illumination wavelength, the
microlens size and spacing between the dual microlenses on the interference pattern and
field intensity distributions are investigated. In this chapter, similar parameters, e.g., the
microlens diameter and the microlens spacing, which may affect the interference effect
between dual parallel arranged microlenses, are considered. The spacing between the
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dual microlenses can be 1, 3 / 4 , 1/ 2 , 1/ 4 and 1/ 8 of the corresponding microlens
diameter. Only the 1.0 R / D ratio microlens is considered for investigation as the
interference effects of other profile microlenses are similar.
As already shown in Chapter 3, the diffraction effect through the microlens is
relatively stronger for the smaller diameter microlens. Similarly, the interference effect
between dual parallel-arranged microlenses should also be much stronger for the smaller
diameter microlens. Thus the computational simulation is first performed for dual
parallel-arranged microlenses of 5λ diameter and 1.0 R / D ratio. In the following
discussions, the centers of both microlenses are placed on the X axis. One is positioned at
the origin and the other is movable along the negative X axis. The symmetrical axis of
the two microlenses are arranged to be parallel with the Z axis. Five different spacing
between the two microlenses are selected for comparison. For the 5λ diameter, 1.0
R / D ratio microlens, the spacing between the dual microlenses can be 1, 3 / 4 , 1/ 2 ,
1/ 4 and 1/ 8 of the microlens diameter. The normal monochromatic plane wave

illumination is incident along the positive Z axis at 0 angle of incidence with its electric
field polarization direction along the positive X axis. The corresponding electric field
magnitude distributions in the X-Z plane for the above five different spacing
arrangements are shown in Fig. 6.1.
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(a)

(b)

(c)

(d)
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Fig. 6.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
with 0 angle of incidence monochromatic plane wave illumination. D = 5λ , R / D = 1.0 ,
θinc = 0 and θ pol = 0 . (a) The spacing between the dual microlens L = D . (b) L = 3D / 4 .
(c) L = D / 2 . (d) L = D / 4 . (e) L = D / 8 . The plots are displayed using 32 levels
between 0.0 and 5.26.
Table 6.1: The focusing characteristics for the five different spacing arrangements.
D = 5λ and R / D = 1.0 . Z ′ is the Z coordinate of the center of the focused beam.
Spacing
d
Z′
Emax
5.2130 0.6410 1.50
D
3D / 4 5.2026 0.6657 1.50
5.1977 0.5895 1.50
D/2
5.2008 0.6110 1.50
D/4
5.2456 0.6208 1.50
D/8
As shown in the five plots of Fig. 6.1, the incident normal monochromatic plane
wave illumination interferes with the electromagnetic field reflected by the dual
microlenses and then creates a fringe pattern on the illuminated side of the dual
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microlenses, which is the same as for the single microlens. The transmitted and diffracted
electromagnetic field through the dual microlenses overlaps with each other and also
creates an interference pattern in the spacing between the dual microlenses. While as the
electric field magnitude on the periphery of the microlens is relatively low in comparison
with that of the focused beam, the focused beam shape on the shadow side of the dual
microlenses is almost the same as that created by a single 5λ diameter, 1.0 R / D ratio
microlens (which is shown in Fig. 3.1), and remains almost unchanged as the spacing
between the dual microlenses decreases from D to D / 8 .
For convenience, the focusing characteristics, e.g., the maximum electric field
magnitude of the focus, the focus diameter and the focus position on the Z axis, are
summarized together in Table 6.1 for all the five different spacing arrangements. For the
single microlens shown in Fig. 3.1, the maximum electric field magnitude of the focused
beam is 5.2257, the focus center is located at 1.520 on the Z axis and the focus diameter
in the X-Y plane is 0.6204. The data shown in Table 6.1 indicates that the interference
effect between the dual parallel-arranged microlenses is relatively weak. The maximum
electric field magnitude of the dual focused beams is almost the same as that of the single
microlens and only varies slightly for the five different arrangements. As the spacing
between the dual parallel-arranged microlenses decreases, the focus diameter in the X-Y
plane only slightly varies and the focus position remains almost unchanged.
In the above five different arrangements, the interference effect between the dual
parallel-arranged microlenses is strongest when the spacing between the dual microlenses
equals D / 8 . For this specific arrangement, a further computation and comparison is
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performed to examine the interference effect between the dual parallel-arranged
microlenses. For each microlens, the vector electric field distribution in the X-Z plane is
calculated separately ignoring the existence of the other microlens and the interference
effect, which is the same as the computation for a single microlens. Then the vector
electric field distribution of the two microlenses are combined together and the
corresponding scalar electric field magnitude distribution in the X-Z plane is obtained
and plotted in Fig. 6.2. Comparing Fig. 6.1e with Fig. 6.2, it is obvious that the electric
field magnitude distributions and the focused beam characteristics of the two plots are
almost the same which means the interference effect between the dual microlenses is
relatively weak and can be neglected.
From the above computation results and discussions, it is obvious that the
interference effect between dual parallel-arranged microlenses is relatively weak and can
be ignored at least when the spacing between the dual microlenses is no less than one
eighth of the microlens diameter. The observation and conclusion is similar with the
computation results shown in the previous works [33,35]. For both continuous-profile
and discrete-profile microlenses, the interference effect between the dual parallelarranged microlenses is weak even though the spacing between the dual microlenses is
very small. The minimum spacing between the dual microlenses discussed here is D / 8 .
In microlens applications, the spacing between the dense microlenses is usually much
larger than D / 8 . It is not necessary to investigate the smaller spacing microlenses. The
discussion here is limited to normal monochromatic plane wave illumination. The
monochromatic TEM00 mode Gaussian beam illumination is not discussed as usually
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only the single microlens is used for the TEM00 mode Gaussian beam applications.

Fig. 6.2: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
0 angle of incidence monochromatic plane wave illumination. D = 5λ , R / D = 1.0 ,
θinc = 0 and θ pol = 0 . L = D / 8 . Emax = 5.2570 . d = 0.6208 . The plot is displayed using
32 levels between 0.0 and 5.26.
Similar investigations are performed for dual parallel-arranged microlenses of
10λ diameter and 1.0 R / D ratio. The corresponding electric field magnitude

distributions in the X-Z plane are presented in Fig. 6.3. As the microlens diameter
increases from 5λ to 10λ , the diffraction effect through the microlens aperture decreases.
The interference field pattern becomes much more distinct. As shown, the focused beam
shape on the shadow side of the dual microlenses is weakly affected and remains almost
the same as the spacing between the dual microlenses decreases from D to D / 8 . The
corresponding focusing characteristics of the five different spacing arrangements are
summarized in Table 6.2. The electric field magnitude distribution of a single 10λ
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diameter, 1.0 R / D ratio microlens in the X-Z plane is shown in Fig. C.1a. For the single
microlens, the maximum electric field magnitude in the focus region is 7.2487, the focus
diameter in the X-Y plane is 0.3800 and the focus center is located at 1.8400 on the Z
axis. Comparing the focusing characteristics of the single microlens with that of dual
microlenses, it is further confirmed that the interference effect between the dual parallelarranged microlenses is relatively weak and negligible when the spacing between the dual
microlenses is greater than one eighth of the microlens diameter.
For the D / 8 spacing arrangement, the electric field magnitude distribution in the
X-Z plane without considering the interference effect between the dual microlenses is
also calculated and plotted in Fig. 6.4. The electric field magnitude distribution shown in
Fig 6.4 is almost the same as that shown in Fig. 6.3e which considers the interference
effect between the dual parallel-arranged microlenses. The focusing characteristics of the
two plots are almost the same. It indicates that the interference effect between the dual
microlenses are negligible when the spacing between the dual microlenses is no less than
D / 8.
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Fig. 6.3: Grey-level plots of the electric field magnitude distribution in the X-Z plane
with 0 angle of incidence monochromatic plane wave illumination. D = 10λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . (a) L = D . (b) L = 3D / 4 . (c) L = D / 2 . (d)
L = D / 4 . (e) L = D / 8 . The plots are displayed using 32 levels between 0.0 and 7.26.

Table 6.2: The focus characteristics of the five different arrangements. D = 10λ and
R / D = 1.0 . Z ′ is the Z coordinate of the center of the focused beam.
Spacing Emax
d
Z′
7.2349 0.3819 1.80
D
3D / 4 7.1692 0.4041 1.80
2 D / 4 7.1979 0.3357 1.85
7.2522 0.3559 1.85
D/4
7.2459 0.3632 1.80
D/8
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Fig. 6.4: Grey-level plot of the electric field magnitude distribution in the X-Z plane with
0 angle of incidence monochromatic plane wave illumination. D = 10λ , R / D = 1.0 ,
θinc = 0 and θ pol = 0 . L = D / 8 . Emax = 7.2466 . d = 0.3622 . The plot is displayed using
32 levels between 0.0 and 7.26.
In this chapter, the interference effect between dual parallel-arranged microlenses
of the same diameter and profile is investigated. The investigation starts with the 5λ
diameter, 1.0 R / D ratio microlens. It is shown that the interference effect between dual
parallel-arranged microlenses is relatively weak and negligible. The focusing
characteristics of the focused beam remains almost the same as that created by a single
microlens. The investigation is further performed for the 10λ diameter, 1.0 R / D ratio
microlens and the same conclusion is obtained. As the microlens diameter increases, the
diffraction effect through the microlens aperture relatively decreases and the interference
effect between the dual microlenses also decreases. Thus for the 20λ diameter, 1.0 R / D
ratio microlens, the interference effect is not further discussed here.
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Chapter 7. Imaging Properties of A Single Microlens

For the regular-size lens, the diffraction effect through its aperture is negligible
and its imaging property can be precisely described using the geometrical imaging
formula, which is based on the law of refraction (Snell’s law) [3] and simply relates the
object and image characteristics using the lens geometrical focal length. However, for the
microlens, as its aperture is comparable with the incident illumination wavelength, the
diffraction effect through its aperture is dominant and significantly affects its optical
properties. Its imaging property cannot be simply described using the geometrical
imaging formula. Based on the previous investigations on microlens focusing, axial
combination and interference properties, the microlens imaging property is further
studied and discussed in this chapter using the SVM in the oblate spheroidal coordinate
system.
The complex microlens imaging problem is simplified into the study of the image
of a transparent spherical particle created by the microlens with 0 angle of incidence
monochromatic plane wave illumination or 90 angle of incidence monochromatic
TEM00 mode Gaussian beam illumination on the spherical particle. As before, the nonabsorptive microlens is placed at the origin with its symmetrical axis assumed to be the Z
axis. The spherical particle can be either absorptive or non-absorptive, and is placed on
the illuminated side of, and far away from, the microlens so that the multi-interactions
between the microlens and the spherical particle are negligible. The interaction of the
spherical particle with the incident electromagnetic illumination is calculated using the
modified Lorentz-Mie theory developed by Barton, Alexander and Schaub [68] which is
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briefly described in Section 7.1. The electromagnetic field scattered by the spherical
particle together and the incident electromagnetic illumination are treated as a new
combined illumination source to illuminate the microlens. With this combined
illumination, the electromagnetic fields inside of and adjacent to the microlens are
calculated using the SVM in the oblate spheroidal coordinate system as before. Thus the
electromagnetic field outside of the spherical particle and the microlens is the summation
of the incident electromagnetic illumination, the electromagnetic field scattered by the
spherical particle and the electromagnetic field scattered by the microlens. The
electromagnetic field inside of the spherical particle or the microlens is the internal
electromagnetic field calculated using the modified Lorentz-Mie theory or the SVM in
the oblate spheroidal coordinate system, respectively.
The imaging of a transparent spherical particle with 0 angle of incidence
monochromatic plane wave illumination is investigated first and discussed in Section 7.2.
The imaging of a transparent spherical particle with 90 angle of incidence
monochromatic TEM00 mode Gaussian beam illumination is studied thereafter and
discussed in Section 7.3. The investigation discusses the spherical particle image
detectability, the relationship between the object and image characteristics, and the effects
of the illumination source type, the spherical particle diameter and the absorption
coefficient of the spherical particle on the microlens imaging properties.

7.1 Modified Lorenz-Mie theory
The modified Lorenz-Mie theory in the spherical coordinate system developed by
Barton, Alexander and Schaub [68] is a simple extension of the classical Lorenz-Mie
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theory [1] and can be applied to calculate the interaction of a single spherical particle
with arbitrary electromagnetic illumination. The computation algorithm and procedure of
this method is similar with that of the SVM in the oblate spheroidal coordinate system [4]
described in Chapter 2. For convenience, only the basic calculation formulas and
procedure are included here. The detailed description of this method can be found in
references [3,68].
In the following discussions, it is assumed that all the electromagnetic field
components have an implicit time dependence exp(− jωt ) . In the spherical coordinate
system, the six electromagnetic field components can be separated into two independent
subfields: the magnetic wave and the electric wave. Each wave subfield consists of
independent electric and magnetic field components in the three orthogonal coordinates.
For the magnetic wave, the radial electric field component vanishes while for the electric
wave, the radial magnetic field component vanishes. Thus the relationship between the
electromagnetic field components and the two subfields can be expressed as
Er = e Er

(7.1)

Eθ
=

e

Eθ + m Eθ

(7.2)

=
Eφ

e

Eφ + m Eφ

(7.3)

Hr = mHr
=
Hθ

e

Hθ + m Hθ

=
Hφ

e

Hφ + m Hφ

(7.4)
(7.5)
(7.6)

where the superscript e and m imply the electric wave and the magnetic wave,
respectively. The subscript r , θ and φ indicate the three vector components in the
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spherical coordinate system. For the incident, scattered and internal electromagnetic
fields outside of or inside of the spherical particle, each of these can be expressed using
independent electric and magnetic wave.
Each electric or magnetic wave can be expressed separately as a function of the
scalar solution

e

Π or

m

Π that satisfies the scalar Helmholtz equation in spherical

coordinate.
∇ 2 Π + k 2 Π =0

(7.7)

where k = k0 ε . k0 is the wave number of the electromagnetic wave in the free space
and equals ω / c . ω is the angular frequency and c is the light speed in vacuum. ε is the
complex dielectric constant and equals ε r + j 4πσ / ω . ε r is the dielectric constant and σ
is the electric conductivity. In the spherical coordinate system, the general expression of
the scalar solution Π can be expressed as
=
rΠ

∞

l

∑ ∑ [A
l = 0 m= −l

ψ l (kr ) + Bl ,m χ l (kr )]Yl ,m (θ , φ )

l ,m

(7.8)

where r is the radial distance. m and l are the integer indices. Alm and Blm are arbitrary
coefficients to be determined. ψ l (kr ) and χ l (kr ) are the Ricatti-Bessel functions.
Yl ,m (θ , φ ) is the spherical harmonic function.

In terms of the scalar solution e Π , the electric wave components are expressed as
e

=
Er
e

∂ 2 (r e Π )
+ k 2r e Π
∂r 2
1 ∂ 2 (r e Π )
Eθ =
r ∂θ∂r

(7.9)

(7.10)
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e

Eφ =

1 ∂ 2 (r e Π )
r sin θ ∂φ∂r
e

e

Hθ = −

e

(7.11)

Hr = 0

(7.12)

k1 ∂ (r e Π )
r sin θ ∂φ

(7.13)

k1 ∂ (r e Π )
Hφ =
r ∂θ

(7.14)

In terms of the scalar solution m Π , the magnetic wave components are expressed as
m

m

Eθ = −

m

m

m

(7.15)

k2 ∂ (r m Π )
r sin θ ∂φ

(7.16)

k2 ∂ (r m Π )
∂θ
r

(7.17)

Eφ = −

∂ 2 (r m Π )
+ k 2r m Π
2
∂r

H
=
r
m

Er = 0

(7.18)

1 ∂ 2 (r m Π )
Hθ =
r ∂r ∂θ

Hφ =

(7.19)

1 ∂ 2 (r m Π )
r sin θ ∂r ∂φ

(7.20)

where k1 = jk0ε and k2 = jk0 .
For the incident electromagnetic field, the scalar solutions e Π (i ) and

m

Π (i ) are

expressed as
∞

l

r e Π (i ) =
∑ ∑ Al ,mψ l (kext r )Yl ,m (θ , φ )
l = 0 m= −l

(7.21)
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∞

l

r m Π (i ) =
∑ ∑ Bl ,mψ l (kext r )Yl ,m (θ , φ )

(7.22)

l = 0 m= −l

where Al ,m and Bl ,m are arbitrary coefficients to be determined. The superscript i implies
the incident electromagnetic field and the subscript ext implies the external region. The

χ l (kr ) function is not included in the above scalar potentials as it becomes unbounded at
the origin which conflicts with the fact that the incident electromagnetic field must be
finite in the whole computation domain.
The incident electromagnetic field is prescribed in the computation domain. On
the spherical particle surface, the radial electric field component of the incident
electromagnetic field can be expressed as Er (i ) (a, θ , φ ) , where a is the spherical particle
radius. As the radial electric field component Er (i ) (a, θ , φ ) is a function of only θ and φ
on the spherical particle surface, the radial electric field component can be expressed as a
series of spherical harmonics Yl ,m (θ , φ ) ,
∞

l

Er (i ) (a, θ , φ ) = ∑ ∑ el ,mYl ,m (θ , φ )

(7.23)

l = 0 m= −l

where el ,m = ∫

2π

0

∫

π

0

sin θ Er (i ) (a, θ , φ )Yl ,m* (θ , φ )dθ dφ .

Next, substitute the scalar potential e Π given in Eq. (7.21) into the radial electric
field component of the incident electromagnetic wave given in Eq. (7.9), and then
evaluate at the spherical particle surface. The two radial electric field component
expressions must be the same, thus el ,m =
found to be

l (l + 1)
Al ,mψ l (kext a ) . So the coefficient Al ,m is
a2
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Al ,m =

2π π
a2
sin θ Er (i ) (a, θ , φ )Yl ,m* (θ , φ )dθ dφ
∫
l (l + 1)ψ l (kext a ) 0 ∫0

(7.24)

Similarly using the radial magnetic field component of the prescribed incident
electromagnetic wave on the spherical particle surface, it is found that
Bl ,m =

2π π
a2
sin θ H r (i ) (a, θ , φ )Yl ,m* (θ , φ )dθ dφ
∫
∫
0
0
l (l + 1)ψ l (kext a )

(7.25)

The incident scalar potentials are then obtained by substituting the coefficients Al ,m and
Bl ,m into Eq. (7.21) and Eq.(7.22).

For the scattered electromagnetic field outside of the spherical particle, the
corresponding scalar potentials e Π ( s ) and m Π ( s ) are expressed as
l

∞

r e Π(s) =
∑ ∑ al ,mξl (1) (kext r )Yl ,m (θ , φ )

(7.26)

l = 0 m= −l
l

∞

r m Π(s) =
∑ ∑ bl ,mξl (1) (kext r )Yl ,m (θ , φ )

(7.27)

l = 0 m= −l

where ξl (1) is equal to ψ l − j χ l as this function corresponds to the outward propagating
electromagnetic waves. The superscript s implies the scattered electromagnetic field.
al ,m and bl ,m are arbitrary coefficients to be determined.

For the internal electromagnetic fields inside of the spherical particle, the
corresponding scalar potentials

e

Π ( w) and m Π ( w) are expressed as
∞

l

r e Π ( w) =
∑ ∑ cl ,mψ l (kin tr )Yl ,m (θ , φ )

(7.28)

l = 0 m= −l
∞

l

r m Π ( w) =
∑ ∑ dl ,mψ l (kin tr )Yl ,m (θ , φ )

(7.29)

l = 0 m= −l

where the superscript w implies the internal electromagnetic field inside of the spherical
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particle. cl ,m and dl ,m are arbitrary coefficients to be determined. The function χ l is not
included in the expression as it is unbounded at the origin. The subscript int implies the
internal electromagnetic fields.
Next, substitute the scalar potentials listed in Eq. (7.26) - Eq. (7.29) into Eq. (7.9)
- Eq. (7.20), and then find the expressions of the scattered and internal electromagnetic
field components. The coefficients Al ,m and Bl ,m are already determined and known. By
applying the boundary condition that the tangential electromagnetic field components are
continuous on the spherical particle surface, the coefficients al ,m , bl ,m , cl ,m and dl ,m can
be determined and expressed as a function of the coefficients Al ,m and Bl ,m ,

ψ l′(kint a )ψ l (kext a) − nψ l (kint a)ψ l′(kext a)

al ,m =

bl ,m =

cl ,m =

Al ,m

(7.30)

nψ l′(kint a )ψ l (kext a ) −ψ l (kint a )ψ l′(kext a)
Bl ,m
ψ l (kint a )ξl (1)′ (kext a) − nψ l′ (kint a )ξl (1) (kext a)

(7.31)

nψ l (kint a )ξl (1)′ (kext a ) −ψ l′ (kint a )ξl (1) (kext a )

ξl(1)′ (kex t a )ψ l (kext a ) − ξl(1) (kex t a )ψ l′(kext a)

Al ,m

(7.32)

Bl ,m

(7.33)

n 2ψ l (kint a )ξl (1)′ (kext a ) − nψ l′ (kint a )ξl (1) (kext a )

dl ,m =

ξl(1)′ (kex t a )ψ l (kext a ) − ξl(1) (kex t a )ψ l′(kext a)

ψ l (kint a )ξl (1)′ (kext a) − nψ l′ (kint a )ξl (1) (kext a )

where n is the relative refractive index of the spherical particle and equals (εint / ε ext )1/2 .
The superscript prime implies the derivative of the function with respect to its variable.
After the coefficients al ,m , bl ,m , cl ,m and dl ,m are determined, the electromagnetic field
distributions inside and adjacent to the spherical particle can then be determined. The
electromagnetic field inside of the spherical particle is the internal field itself. The
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electromagnetic field adjacent to the spherical particle is the sum of the incident
electromagnetic field and the scattered electromagnetic field by the spherical particle. In
the spherical coordinate system, the computation converges very quickly for sufficiently
large m and l indices.

7.2 Imaging of a spherical particle with monochromatic plane wave illumination
In the following discussions, the non-absorptive 10λ diameter, 1.0 R / D ratio
microlens is used and placed at the origin with its symmetrical axis along the Z axis. The
spherical particle can be either absorptive or non-absorptive and is placed on the
illuminated side of, and far away from, the microlens so that the multi-interactions
between the spherical particle and the microlens are negligible. The refractive index is
1.50 for the microlens and 1.33 for the spherical particle. The spherical particle is
illuminated with normal monochromatic plane wave illumination. The incident normal
monochromatic plane wave illumination propagates along the positive Z axis at 0 angle
of incidence with its electric field polarization direction along the positive X axis. As
before, the electric field magnitude is nondimensionalized by the maximum electric
magnitude of the incident plane wave illumination. In the following plots, white implies
relatively low field magnitude while dark implies relative high field magnitude.

7.2.1 Image detectability
In this section, it is shown that the microlens has imaging capability and the
spherical particle image formed by the microlens is detectable. The investigation starts
with the imaging of a transparent non-absorptive 2λ diameter spherical particle by the
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10λ diameter, 1.0 R / D ratio microlens. The center of the spherical particle is placed at

-4.0 on the Z axis. The corresponding electric field magnitude distribution in the X-Z
plane ( Y = 0 ) with the spherical particle on the illuminated side of the microlens is
shown in Fig. 7.1a. The corresponding electric field magnitude distribution in the X-Z
plane ( Y = 0 ) without the spherical particle is shown in Fig. 7.1b for comparison.

(a)

(b)

Fig. 7.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic plane wave illumination. D = 10λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . (a) Dsphere = 2λ , X sphere = 0.0 and Z sphere = −4.0 . (b)
Without a spherical particle. The plots are displayed using 32 levels between 0.0 and
8.00.
The solid black circle and the near-spheroidal curve shown in Fig. 7.1 imply the
spherical particle and microlens boundaries in the X-Z plane, respectively. As shown in
Fig. 7.1a, the incident normal monochromatic plane wave illumination is converged by
the spherical particle and creates a weak focus on the shadow side of the spherical
particle. The transmitted and bypassed electromagnetic field through the spherical

135
particle is further incident on the microlens and creates another focus on the shadow side
of the microlens, which is slightly closer to the microlens in comparison with that shown
in Fig. 7.1b. The electric field magnitude distribution between the spherical particle and
the microlens has a weak fringe pattern which is caused by the interference of the
transmitted electromagnetic field through the spherical particle and the scattered
electromagnetic field from the microlens. The electric field magnitude distributions on
the shadow side of the microlens are similar for Fig. 7.1a and 7.1b.
For the case shown in Fig. 7.1a, the electromagnetic field outside of the spherical
particle and the microlens consists of
• the incident plane wave,
• the electromagnetic field scattered by the spherical particle with the incident
plane wave as the illumination source,
• the electromagnetic field scattered by the microlens with the incident plane
wave as the illumination source,
• and the electromagnetic field scattered by the microlens with the
electromagnetic field scattered by the spherical particle as the illumination
source.
The electromagnetic field inside of the spherical particle is calculated using the modified
Lorentz-Mie theory with the incident plane wave as the illumination source. The
electromagnetic field inside of the microlens is the sum of the internal field calculated
using the SVM with the incident plane wave as the illumination source, and that
calculated using the SVM with the electromagnetic field scattered by the spherical
particle as the illumination source.
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For the case shown in Fig. 7.1b, the electromagnetic field outside of the microlens
consists of
• the incident plane wave,
• and the electromagnetic field scattered by the microlens with the incident plane
wave as the illumination source.
The electromagnetic field inside of the microlens is calculated using the SVM with the
incident plane wave as the illumination source.
It is obvious that in the above electromagnetic field components only the
electromagnetic field scattered by the spherical particle with the incident plane wave as
the illumination source, and the electromagnetic field scattered by the microlens with the
electromagnetic field scattered by the spherical particle as the illumination source,
contain the spherical particle profile information. However, as the magnitude of these two
electromagnetic field components is extremely low in comparison with that of the rest of
electromagnetic field components, the electromagnetic field distributions on the shadow
side of the microlens shown in Fig. 7.1a slightly change and are similar with Fig. 7.1b. In
order to clearly observe the spherical particle image, the plane wave field background,
which includes the incident plane wave, and the internal electromagnetic field inside of
the microlens and the scattered electromagnetic field adjacent to the microlens with the
incident plane wave as the illumination source, should be removed from the total
electromagnetic field. This can be simply achieved by first taking two independent
computations, one with the spherical particle and the other without the spherical particle,
and then subtracting the two electromagnetic field distributions.
The corresponding electric field magnitude distribution in the X-Z plane without
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the plane wave field background is presented in Fig. 7.2. As shown, the incident plane
wave illumination is converged by the spherical particle and creates a dark focus on the
shadow side of the spherical particle. The electromagnetic field (white color beams)
bypassed through the spherical particle is converged by the microlens and creates a bright
focus on the shadow side of the microlens. As these two beams start from the spherical
particle, it is reasonable to assume that these two beams contain the profile information of
the spherical particle and the bright focus on the shadow side of the microlens is actually
the image of the spherical particle.

Fig. 7.2: Grey-level plot of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic plane wave illumination (without the
plane wave field background). D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 . Dsphere = 2λ ,
X sphere = 0.0 and Z sphere = −4.0 . The plot is displayed using 32 levels between -1.18 and
3.00.

The axial combination property of dual microlenses with normal monochromatic
plane wave illumination was discussed in Chapter 4. It was shown that the positions of
the original focus created by the 1st microlens (the object) and the focus created by the
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dual microlenses (the image) can be closely related using the geometrical imaging
formula [3] with the microlens actual focal length. Similarly for the case shown in Fig.
7.2, the geometrical imaging formula should also be applicable if taking the spherical
particle as the object and the bright focus on the shadow side of the microlens as its
image. The Z coordinate of the image plane calculated using the geometrical imaging
formula for a thick lens together with the microlens actual back focal length is 3.1773 and
closely matches the exact value determined by the minimum electric field magnitude in
the focus region of Fig. 7.2, which is 3.24. While using the geometrical imaging formula
with the microlens geometrical back focal length, the calculated image plane position is
significantly different from the exact value.
The effect of the spherical particle size on the microlens imaging property is also
discussed. The 1λ and 1.5λ diameter spherical particles are chosen for comparison and
the rest of the settings are keeping the same as before. The corresponding electric field
magnitude distributions in the X-Z plane ( Y = 0 ) with and without the plane wave field
background are shown together in Fig. 7.3. As shown, for the 1λ and 1.5λ diameter
spherical particles, the corresponding electric field magnitude distributions on the shadow
side of the microlens are similar with that of the 2λ diameter microlens. While caused by
the spherical particle diameter difference, the minimum electric field magnitude position
in the focus region is found to be slightly different. The Z coordinate of the minimum
electric field magnitude position is 2.82 and 3.06, respectively, for the 1λ and 1.5λ
diameter spherical particles.
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(a)

(b)

(c)

(d)

Fig. 7.3: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic plane wave illumination. D = 10λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . X sphere = 0.0 and Z sphere = −4.0 . (a) Dsphere = 1λ . With
the plane wave background field pattern. The plot is displayed using 32 levels between
0.0 and 8.0. (b) Dsphere = 1λ . Without the plane wave background field pattern. The plot is
displayed using 32 levels between -0.265 and 1.190. (c) Dsphere = 1.5λ . With the plane
wave background field pattern. The plot is displayed using 32 levels between 0.0 and 8.0.
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(d) Dsphere = 1.5λ . Without the plane wave background field pattern. The plot is displayed
using 32 levels between -0.790 and 2.160.
The actual image plane position is determined by the minimum electric field
magnitude in the focus region and is slightly different for different diameter spherical
particles. As the minimum electric field magnitude position is close to that calculated
using the geometrical imaging formula with the microlens actual focal length, and the
electric field magnitude distributions in the X-Y plane are similar in the region close to
the minimum electric field magnitude position, it is acceptable and convenient to choose
that calculated using the geometrical imaging formula with the microlens actual focal
length as the image plane position. This is convenient for determining the image plane
position and also complies with the geometrical imaging theory that the image plane
position only depends on the object position. For the above spherical particle position
setting, the Z coordinate of the image plane is calculated to be 3.1773. For the above
three different diameter spherical particles, the corresponding electric field magnitude
distributions in the image plane with and without the plane wave field background are
shown in Fig. 7.4a-c and Fig. 7.5a-c, respectively. The plane wave field background in
the image plane (without the spherical particle) is shown in Fig. 7.4d for comparison. The
corresponding electric field magnitude profiles along the Y axis of the image plane
without the plane wave field background are shown in Fig. 7.6.
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(a)

(b)

(c)

(d)

Fig. 7.4: Grey-level plots of the electric field magnitude distribution in the X-Y plane
( Z = 3.1773 ) with 0 angle of incidence monochromatic plane wave illumination.
D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 . (a, b, c) X sphere = 0.0 and Z sphere = −4.0 .
With the plane wave background field pattern. (a) Dsphere = 1λ . (b) Dsphere = 1.5λ . (c)
Dsphere = 2λ . (d) The plane wave field background. The plots are displayed using 32
levels between 0.0 and 4.0.
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(a)

(b)

(c)
Fig. 7.5: Grey-level plots of the electric field magnitude distribution in the X-Y plane
( Z = 3.1773 ) with 0 angle of incidence monochromatic plane wave illumination
(without the plane wave background field pattern). D = 10λ , R / D = 1.0 , θinc = 0 and

θ pol = 0 . X sphere = 0.0 and Z sphere = −4.0 . (a) Dsphere = 1λ . (b) Dsphere = 1.5λ . (c)
Dsphere = 2λ . The plot is displayed using 32 levels between -2.0 and 1.0.
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Fig. 7.6: Electric field magnitude profiles along the Y axis of the image plane ( X = 0 ,
Z = 3.1773 ) with 0 angle of incidence monochromatic plane wave illumination
(without the plane wave field background). D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 .
The electric field magnitude distributions in the image plane shown in Fig. 7.4 are
similar for the four different arrangements. The circular fringe pattern is called the “Airy
Disk” [3] and caused by the diffraction effect through the microlens aperture. As shown,
after placing a transparent spherical particle in front of the microlens, part of the incident
illumination is blocked and the electric field magnitude around the center of the image
plane decreases. As the spherical particle diameter increases, more and more incident
illumination is blocked and the electric field magnitude around the center of the image
plane further decreases. The corresponding electric field magnitude distributions in the
image plane without the plane wave field background are shown in Fig. 7.5, respectively.
As shown, these circular fringe patterns become more and more distinct as the spherical
particle diameter increases which means more and more incident illumination is blocked
by the spherical particle. The diameter of the first fringe is similar for the three different
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diameter microlenses. The solid black circle in the center of these plots implies the
boundary of the spherical particle image estimated using the geometrical imaging
formula with the microlens actual focal length.
The corresponding electric field magnitude profiles along the Y axis of the image
plane are shown in Fig. 7.6. The minimum electric field magnitude decreases as the
spherical particle diameter increases. The image diameter is determined by the position
where the electric field magnitude difference relative to the first local vertex from the
center decreases down to 1/ e of the maximum electric field magnitude difference
between the minimum electric field magnitude and the first local vertex from the center.
For the 1λ , 1.5λ and 2λ diameter microlenses, the corresponding image diameters in
the image plane are 2.1905λ , 2.3934λ

and 2.6692λ , respectively, and the

corresponding microlens actual magnification coefficients, the ratio of the image
diameter to the spherical particle diameter, are 2.1905, 1.5956 and 1.3346, respectively.
Due to the diffraction effect, the spherical particle image is blurred and the image
diameter is similar for the three different diameter microlenses. Using the geometrical
imaging formula with the microlens actual focal length, the microlens magnification
coefficient, the ratio of the effective image distance to the effective object distance, is
found to be 0.7868 for the above spherical particle position setting, which is significantly
different from the actual value. While using the geometrical imaging formula with the
microlens geometrical focal length, the microlens magnification coefficient is found to be
1.8153 instead and better matches the microlens actual magnification coefficient. This
conclusion is similar with that generated in the investigation of the microlens axial
combination property shown in Chapter 4.
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7.2.2 Microlens imaging formula
In Section 7.2.1, it was shown that when the 2λ diameter spherical particle is
placed at -4.0 on the Z axis, the image plane position calculated using the geometrical
imaging formula with the microlens actual focal length closely matches the exact value
determined using the SVM in the oblate spheroidal coordinate system. In this section,
two more computations are presented to further discuss this phenomenon. The 10λ
diameter, 1.0 R / D ratio microlens is placed at the origin as before. The 2λ diameter
transparent non-absorptive spherical particle is placed at -6.0 and -8.0 on the Z axis. The
corresponding electric field magnitude distributions in the X-Z plane with and without
the plane wave field background are shown together in Fig. 7.7.
As shown in Fig. 7.7a and Fig. 7.7c, the two plots with the plane wave field
background, the electric field magnitude distributions on the shadow side of the
microlens are almost the same for the two different arrangements and it is hard to
distinguish the exact image plane position from these two plots. While as shown in Fig.
7.7b and Fig. 7.7d, the two plots without the plane wave field background, it is obvious
that as the spherical particle moves away from the microlens, the spherical particle image
(the bright focus on the shadow side of the microlens) moves close to the microlens,
which is consistent with the relation described by the geometrical imaging formula Eq.
(4.1).
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(a)

(b)
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Fig. 7.7: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic plane wave illumination. D = 10λ ,
R / D = 1.0 , θinc = 0 and θ pol = 0 . Dsphere = 2λ . X sphere = 0.0 . (a, b) Z sphere = −6.0 . (a)
With the plane wave field background. The plot is displayed using 32 levels between 0.0
and 8.0. (b) Without the plane wave field background. The plot is displayed using 32
levels between -1.16 and 2.94. (c, d) Z sphere = −8.0 . (c) With the plane wave field
background. The plot is displayed using 32 levels between 0.0 and 8.0. (d) Without the
plane wave field background. The plot is displayed using 32 levels between -0.820 and
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0.275.
The actual image plane position, which is determined by the minimum electric
field magnitude position in the focus region, equals 2.40 and 2.24, respectively, when the
spherical particle is placed at -6.0 and -8.0 on the Z axis. Using the geometrical imaging
formula with the microlens actual focal length, the corresponding image plane is found to
be at 2.5343 and 2.3089 on the Z axis, respectively, and closely matches the actual
position. The maximum difference is 0.1343 which corresponds to a percentage
difference of 5.60%. While using the geometrical imaging formula with the microlens
geometrical focal length, the corresponding image plane position is found to be at 4.4664
and 3.7822 on the Z axis, respectively, which is significantly different from the actual
position.
The corresponding electric field magnitude profiles along the Y axis of the image
plane are shown in Fig. 7.8 for the two different arrangements. Following the same
procedure used in section 7.2.1, the image diameter is found to be 0.4483 and 0.3865,
respectively, when the spherical particle is placed at -6.0 and -8.0 on the Z axis, which
corresponds to a magnification coefficient of 0.9706 and 0.8368. The magnification
coefficient calculated using the geometrical imaging formula with the microlens actual
focal length is 0.4085 and 0.2759, respectively, which is significantly different from the
exact value. If using the microlens geometrical focal length, the magnification coefficient
is found to be 0.7382 and 0.4634, respectively, which better matches the exact
magnification coefficient.
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Fig. 7.8: Electric field magnitude profiles along the Y axis of the image plane with 0
angle of incidence monochromatic plane wave illumination (without the plane wave field
background). D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 . Dsphere = 2λ .
7.2.3 Off-axis spherical particle
The imaging property of the off-axis spherical particle is also discussed. The 10λ
diameter, 1.0 R / D ratio microlens is placed at the origin as before. The Z coordinate of
the 2λ diameter non-absorptive spherical particle center is fixed and equals -4.0. The
off-axis displacement of the spherical particle is along the positive X axis and can be
D /16 , D / 8 , 3D /16 and D / 4 relative to the Z axis. The corresponding electric field

magnitude distributions in the X-Z plane and the image plane are shown in Appendix S.
As shown in Fig. S.1a and S.1b (without the plane wave field background and
corresponding to the D /16 and D / 8 off-axis displacements), the spherical particle
image on the shadow side of the microlens slightly diverts toward the negative X axis as
the spherical particle gradually displaces along the positive X axis. The image position
defined by the minimum electric field magnitude in the focus region is at (-0.12, 3.18)
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and (-0.24, 3.18) in the X-Z plane, respectively, when the off-axis displacement of the
spherical particle is D /16 and D / 8 . The X coordinate of the image grows linearly as a
function of the off-axis displacement of the spherical particle. The Z coordinate of the
image is the same and closely matches that calculated using the geometrical imaging
formula with the microlens actual focal length, which is 3.1773. It is obvious that when
the off-axis displacement of the spherical particle is relatively small, the image plane
position only depends on the object distance and the microlens focal length which is
similar with the regular-size lens. This is further confirmed by the fact that the ratio of the
image height (the X coordinate of the image) to the object height (the X coordinate of the
spherical particle) is 0.8314 and closely matches the ratio of the effective image distance
to the effective object distance determined using the geometrical imaging formula with
the microlens actual focal length, which is 0.7868.
As shown in Fig. S.1c and S.1d (without the plane wave field background and
corresponding to the 3D /16 and D / 4 off-axis displacements), the transmitted and
bypassed illumination through the spherical particle (the two white-color beams) will not
be completely collected by the microlens as the off-axis displacement of the spherical
particle further increases. As the spherical particle profile information isn’t completely
collected by the microlens, the bright focus created on the shadow side of the microlens is
not the actual image of the spherical particle. For these two cases, the minimum electric
field magnitude in the focus region is located at (-0.06, 2.28) and (-0.06, 2.04) in the X-Z
plane, respectively.
For the above four different off-axis arrangements, the Z coordinate of the image
plane is set to be 3.1773. The corresponding electric field magnitude distributions in the
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image plane with and without the plane wave field background are shown in Fig. S.2 and
S.3, respectively. Comparing Fig. S.2 (off-axis) with Fig. 7.4c (on-axis), it is shown that
the circular fringe pattern gradually distorts toward the negative X axis when the
spherical particle moves along the positive X axis. These circular fringe patterns provide
clear information about the off-axis displacement direction of the spherical particle while
it is hard to determine the exact spherical particle image position in the X-Y plane from
these plots.
As shown in Fig. S.3 (without the plane wave field background), it is much easier
to observe the off-axis displacement of the spherical particle. As the spherical particle
displaces along the positive X axis, the white color image moves along the negative X
axis. The solid black circle in the plot indicates the boundary of the spherical particle
image in the X-Z plane calculated using the geometrical image formula with the
microlens actual focal length. Due to the relatively strong diffraction effect, the spherical
particle image is blurred and is much larger than that estimated. The image diameter in
the X-Y plane is only measured previously for the on-axis arrangement and is not further
discussed here.

7.2.4 Absorptive spherical particle
The imaging property of the absorptive spherical particle is now discussed and
compared with that of the non-absorptive spherical particle. The 10λ diameter, 1.0 R / D
ratio non-absorptive microlens is placed at the origin as before. Only the on-axis imaging
arrangement is considered and the 2λ diameter absorptive spherical particle is placed at
-4.0 on the Z axis. Two different complex refractive indices n are chosen for comparison,
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which are (1.33, 0.1 j ) and (1.33, 0.5 j ). The real part of the complex refractive index is
the refractive index of the spherical particle. The imaginary part of the complex refractive
index is the “extinction coefficient” and implies the absorption capability of the spherical
particle. The higher the extinction coefficient, the faster the electromagnetic wave
attenuates inside of the spherical particle.
The corresponding electric field magnitude distributions in the X-Z plane (with
the plane wave field background) are shown together in Fig. 7.9. Comparing Fig. 7.9 with
that of the non-absorptive spherical particle which is shown in Fig. 7.1a, it is obvious that
as the extinction coefficient of the spherical particle increases, the electric field
magnitude inside of and on the shadow side of the spherical particle decreases while the
electric field magnitude distribution on the shadow side of the microlens remains almost
the same.
For the four different cases shown in Fig. 7.1a (with a non-absorptive spherical
particle), Fig. 7.1b (without a spherical particle), and Fig. 7.9a and 7.9b (with a
absorptive spherical particle), the corresponding electric field magnitude profiles along
the Z axis (X=0, Y=0) are plotted together in Fig. 7.10 for comparison. In Fig. 7.10, the
dashed line is the one without a spherical particle in front of the microlens. The two
arrows in the plot are used to indicate that the extinction coefficient of the spherical
particle increases along the direction. As shown, the electric field magnitude inside of the
spherical particle (around -4.0) decreases as its extinction coefficient increases. While the
electric field magnitude on the shadow side of the microlens slightly increases as the
extinction coefficient increases. It may be caused by the assumption that the
electromagnetic field scattered by the spherical particle with the plane wave as the
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illumination source and that scattered by the microlens with the scattered electromagnetic
field by the spherical particle as the illumination source, destructively interfere with the
rest of the electromagnetic field components, which finally decreases the total electric
field magnitude on the shadow side of the microlens. Thus the electric field magnitude on
the shadow side of the microlens is much lower when a non-absorptive spherical particle
is placed in front of the microlens. As the extinction coefficient of the absorptive
spherical particle increases, the field magnitude of these two electromagnetic field
components decreases and the destructive interference effect decreases as well. Thus the
electromagnetic field magnitude on the shadow side of the microlens slightly increases.

(a)

(b)

Fig. 7.9: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic plane wave illumination (with the
plane wave field background). D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 . Dsphere = 2λ .
X sphere = 0.0 and Z sphere = −4.0 . (a) n = (1.33, 0.1 j ) . (b) n = (1.33, 0.5 j ) . The plots are
displayed using 32 levels between 0.0 and 8.0.

153

Fig. 7.10: Electric field magnitude profiles along the Z axis with 0 angle of incidence
monochromatic plane wave illumination.
As before, the image plane position is determined using the geometrical imaging
formula with the microlens actual focal length. The corresponding electric field
magnitude distributions in the image plane (without the plane wave field background) are
shown in Fig. 7.11. As shown, these two electric field magnitude distribution patterns are
similar with that of the non-absorptive case shown in Fig. 7.5c. As the absorption
coefficient increases, the electric field magnitude distribution pattern becomes blurred.
The image diameter in the X-Y plane is found to be 2.6893λ and 2.7784λ , respectively,
which are close to that of the non-absorptive case, which is 2.6692λ .
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(a)

(b)

Fig. 7.11: Grey-level plots of the electric field magnitude distribution in the X-Y plane
( Z = 3.1773 ) with 0 angle of incidence monochromatic plane wave illumination
(without the plane wave field background). D = 10λ , R / D = 1.0 , θinc = 0 and θ pol = 0 .
Dsphere = 2λ . X sphere = 0.0 and Z sphere = −4.0 . (a) n = (1.33, 0.1 j ) . (b) n = (1.33, 0.5 j ) . The
plots are displayed using 64 levels between -2.0 and 1.0.
7.3 Imaging of a spherical particle with monochromatic TEM00 mode Gaussian
beam illumination
The monochromatic TEM00 mode Gaussian beam is used to illuminate the
spherical particle in this section. The Gaussian beam illumination propagates along the
positive X axis at 90 angle of incidence with its electric field polarization direction in
the negative Z axis. Its transverse electric field magnitude distribution has a Gaussian
profile and the electric field magnitude decreases quickly along the radial direction as a
function of exp(−r 2 ) ( r is the radial distance). The 10λ diameter, 1.0 R / D ratio nonabsorptive microlens is chosen for investigation and placed at the origin as before. The
2λ diameter spherical particle can be either absorptive or non-absorptive. The refractive
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index equals 1.50 for the microlens and 1.33 for the spherical particle. Both the spherical
particle and the Gaussian beam illumination are placed far away from the microlens so
that the side effect of the Gaussian beam field background on the spherical particle image
is negligible. Thus the background field pattern removal method is not required here.

7.3.1 Imaging detectability and imaging formula
This part of investigation considers the microlens imaging detectability and the
applicability of microlens imaging formula for monochromatic TEM00 mode Gaussian
beam illumination. The 2λ diameter non-absorptive spherical particle is placed at -4.0 on
the Z axis. The monochromatic TEM00 mode Gaussian beam illumination propagates
along the positive X axis. Its beam waist radius equals 1.0 and its beam waist is placed at
the spherical particle center. The corresponding electric field magnitude distribution in
the X-Z plane is shown in Fig. 7.12.
In Fig. 7.12a, the solid black circle and the solid black near-spheroid curve
indicate the spherical particle boundary and the microlens boundary in the X-Z plane,
respectively. The grey color beam on the left part of the plot represents the
monochromatic TEM00 mode Gaussian beam illumination. As the electric field
magnitude of the Gaussian beam illumination decreases quickly along its transverse
direction, the electric field magnitude is very low in the area away from the Gaussian
beam and thus the white color shows on the right part of the plot. The spherical particle
acts like a lens, converges the incident Gaussian beam illumination and creates a dark
focus on its shadow side. The electromagnetic field scattered by the spherical particle is
collected by the microlens and then a weak focus is created on the shadow side of the
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microlens as shown in Fig. 7.12a.

(a)

(b)

Fig. 7.12: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 90 angle of incidence monochromatic TEM00 mode Gaussian beam
illumination. D = 10λ , R / D = 1.0 , θinc = 90 and θ pol = 0 . Dsphere = 2λ . X sphere = 0.0
and Z sphere = −4.0 . (a) The plot is displayed using 64 levels between 0.0 and 4.0. (b) The
plot is displayed using 32 levels between 0.0 and 0.08.
A detailed plot of the electric field magnitude distribution on the shadow side of
the microlens is shown in Fig. 7.12b. The electric field magnitude distribution is similar
with that created by directly focusing the normal monochromatic plane wave illumination
which is shown in Fig. C.1a. However, the focused illumination slightly diverts to the
negative X axis which is different from the previous plane wave illumination case. For
this Gaussian beam illumination case, the actual image plane position is determined by
the maximum electric field magnitude in the focus region instead of the minimum value.
The maximum electric field magnitude is 7.5142 ×10−2 . The Z coordinate of the actual
image plane is 3.00 and closely matches that calculated using the geometrical imaging
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formula with the microlens actual focal length, which is 3.1773. The image plane
positions calculated using these two methods closely match with each other, which is the
same as the previous plane wave illumination case.
As before, the Z coordinate of the actual image plane is chosen to be the one
calculated using the geometrical imaging formula with the microlens actual focal length.
The corresponding electric field magnitude distribution in the image plane is shown in
Fig. 7.13. In the plot, the solid black circle represents the boundary of the spherical
particle image in the image plane calculated using the geometrical imaging formula with
the microlens actual focal length. The dark blurred focus is the spherical particle image.
The center of the spherical particle image is not at the origin but at -0.16 on the negative
X axis. The diameter of the spherical particle image is determined by the position where
the electric field magnitude decreases down to 1/ e of the maximum electric field
magnitude and equals 2.5253λ which is larger than that determined using the
geometrical imaging theory with the microlens actual focal length, which is 1.5718λ .
The above data shows that with 90 angle of incidence monochromatic TEM00
mode Gaussian beam illumination, the spherical particle image is detectable. The actual
image plane position closely matches that calculated using the geometrical imaging
formula with the microlens actual focal length. Due to the diffraction effect, the actual
image diameter is larger than that predicted by the geometrical imaging formula with the
microlens actual focal length. These observations are similar with that of the preceding
plane wave illumination case.
Two more cases are presented to show the applicability of using the geometrical
imaging formula with the microlens actual focal length to calculate the image plane
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position. The same spherical particle is now placed at -5.0 and -6.0 on the Z axis. The
Gaussian beam waist radius equals 1.0 and the beam waist is placed at the spherical
particle center. The corresponding electric field magnitude distributions in the X-Z plane
and in the image plane are shown together in Fig. 7.14. The electric field magnitude
distributions are similar with that when the spherical particle is placed at -4.0 on the Z
axis. The Z coordinate of the actual image plane is 2.62 and 2.46, respectively, and
closely matches that calculated using the geometrical imaging formula with the microlens
actual focal length, which is 2.6136 and 2.3939, respectively. The actual spherical particle
image diameter is 2.1075λ and 1.9525λ , respectively, which is greater than that
predicted using the geometrical imaging formula with the microlens actual focal length,
which is 1.0756λ and 0.8171λ , respectively.

Fig. 7.13: Grey-level plot of the electric field magnitude distribution in the image plane
( Z = 3.1773 ) with 90 angle of incidence monochromatic TEM00 mode Gaussian beam
illumination. D = 10λ , R / D = 1.0 , θinc = 90 and θ pol = 0 . Dsphere = 2λ . X sphere = 0.0
and Z sphere = −4.0 . The plot is displayed using 32 levels between 0.0 and 0.08.
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Fig. 7.14: Grey-level plots of the electric field magnitude distribution with 90 angle of
incidence monochromatic TEM00 mode Gaussian beam illumination. D = 10λ ,
R / D = 1.0 , θinc = 90 and θ pol = 0 . Dsphere = 2λ . X sphere = 0.0 . (a) Z sphere = −5.0 .
Electric field magnitude distribution in the X-Z plane ( Y = 0 ). (b) Z sphere = −5.0 . Electric
field magnitude distribution in the image plane ( Z = 2.6136 ). (c) Z sphere = −6.0 . Electric
field magnitude distribution in the X-Z plane ( Y = 0 ). (d) Z sphere = −6.0 . Electric field
magnitude distribution in the image plane ( Z = 2.3939 ). The plots are displayed using 32
levels between 0.0 and 0.08.
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7.3.2 Absorptive spherical particle
The imaging properties of the absorptive spherical particle are now considered.
The 10λ diameter, 1.0 R / D ratio microlens is placed at the origin. The center of the 2λ
diameter absorptive spherical particle is fixed at -4.0 on the Z axis. The incident beam
waist radius equals 1.0 and the beam waist is placed at the spherical particle center. Two
different complex refractive indices are considered for comparison, which are (1.33,
0.1 j ) and (1.33, 0.5 j ). The image plane position is determined using the geometrical
imaging formula with the microlens actual focal length and equals 3.1773. The
corresponding electric field magnitude distribution in the X-Z plane and in the image
plane are shown together in Fig. 7.15.
As shown, the electric field magnitude in the X-Z plane and the image plane
gradually decreases as the extinction coefficient of the spherical particle (the imaginary
part of the complex refractive index) increases. The corresponding maximum electric
field magnitude in the focus region is 3.5758 ×10−2 and 1.7121×10−2 , respectively, when
the extinction coefficient of the spherical particle is 0.1 and 0.5. At the same time, the
focused illumination on the shadow side of the microlens becomes less tilted toward the
negative X axis and the center of the spherical particle image in the image plane
gradually moves toward the origin from the negative X axis.
As shown in Fig. 7.15b and 7.15d, the diameter of the spherical particle image in
the image plane gradually increases and is 0.5885 and 0.7186, respective, when the
extinction coefficient of the spherical particle is 0.1 and 0.5. As shown in Fig. 7.15a and
7.15c, the maximum electric field magnitude point in the focus region gradually moves
closer to the microlens as the extinction coefficient of the spherical particle increases.
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Fig. 7.15: Grey-level plots of the electric field magnitude distribution with 90 angle of
incidence monochromatic TEM00 mode Gaussian beam illumination. D = 10λ ,
R / D = 1.0 , θinc = 90 and θ pol = 0 . Dsphere = 2λ . X sphere = 0.0 and Z sphere = −4.0 . (a)
n = (1.33, 0.1 j ) . Electric field magnitude distribution in the X-Z plane ( Y = 0 ). (b)
n = (1.33, 0.1 j ) . Electric field magnitude distribution in the image plane ( Z = 3.1773 ). (c)
n = (1.33, 0.5 j ) . Electric field magnitude distribution in the X-Z plane ( Y = 0 ). (d)
n = (1.33, 0.5 j ) . Electric field magnitude distribution in the image plane ( Z = 3.1773 ).
The plot is displayed using 32 levels between 0.0 and 0.08.

162
The Z coordinate of the maximum electric field magnitude point is 2.88 and 2.78,
respectively, when the extinction coefficient of the spherical particle is 0.1 and 0.5.
The incident Gaussian beam illumination is first scattered on the front surface of
the spherical particle. The transmitted illumination through the front surface of the
spherical particle is converged inside of the spherical particle and then is scattered again
and further converged on the back surface of the spherical particle. When the spherical
particle is non-absorptive, the transmitted illumination is not attenuated inside of the
spherical particle. Thus the magnitude of the electromagnetic field scattered on the back
surface of the spherical particle is much larger than that of the electromagnetic field
scattered on the front surface of the spherical particle. Similarly in the image plane the
magnitude of the image part that corresponds to the electromagnetic field scattered on the
back surface of the spherical particle is also much larger than that of the electromagnetic
field scattered on the front surface of the spherical particle. In this way, the image shown
in Fig. 7.13 (the non-absorptive spherical particle) is actually the image of the focus
created on the shadow side of the spherical particle. This image and its object are also
inversed. This is why the image center is not at the origin but at the negative X axis. The
ratio of the image height (the X coordinate of the image center) to the object height ( the
X coordinate of the focus center on the shadow side of the spherical particle) equals
0.6928 which is close to the magnification coefficient, 0.7868, defined by the ratio of the
effective image distance to the effective object distance.
When the spherical particle is absorptive, the transmitted illumination is
attenuated inside of the spherical particle and the magnitude of the electromagnetic field
scattered on the back surface of the spherical particle decreases. The corresponding
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electric field magnitude in the image plane also decreases. While the electric field
magnitude in the image plane that corresponds to the electromagnetic field scattered by
the front surface of the spherical particle remains the same. Thus as shown in the two
gray-level plots, Fig. 7.15b and 7.15d, the spherical particle image in the image plane
appears to move along the positive X axis toward the origin as the absorption capability
of the spherical particle increases.

7.3.3 Off-axis spherical particle
The imaging properties of the off-axis spherical particle are also investigated. The
10λ diameter, 1.0 R / D ratio microlens is placed at the origin as before. The 2λ

diameter non-absorptive spherical particle is chosen for investigation. The Z coordinate
of the spherical particle center is fixed and equals -4.0 in all the following computations.
The off-axis displacement of the spherical particle is along the positive X axis and can be
D /16 , D / 8 , 3D /16 and D / 4 relative to the Z axis. The incident monochromatic

TEM00 mode Gaussian beam illumination propagates along the positive X axis. Its beam
waist is at -4.0 on the Z axis and its beam waist radius is 1.0.
In the plane wave illumination case, it was shown that the image plane position
mainly depends on the object distance of the spherical particle and the microlens actual
focal length, and weakly relies on the off-axis displacement of the spherical particle. For
the Gaussian beam illumination case, this is also true and the corresponding Z coordinate
of the image plane is found to be 3.1773 using the geometrical imaging formula with the
microlens actual focal length. The corresponding electric field magnitude distributions in
the image plane are shown together in Fig. 7.16.
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(a)

(b)

(c)

(d)

Fig. 7.16: Grey-level plots of the electric field magnitude distribution in the image plane
( Z = 3.1773 ) with 90 angle of incidence monochromatic TEM00 mode Gaussian beam
illumination. D = 10λ , R / D = 1.0 , θinc = 90 and θ pol = 0 . Z sphere = −4.0 . (a)
X sphere = D /16 . (b) X sphere = D / 8 . (c) X sphere = 3D /16 . (d) X sphere = D / 4 . The plots are
displayed using 32 levels between 0.0 and 0.08.
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As shown, the object and its image move in inverse directions which is the same
as the plane wave illumination case. The solid black circle in these four plots represents
the boundary of the spherical particle image in the image plane calculated using the
geometrical imaging formula with the microlens actual focal length. The lower edge of
the solid black circle approximately passes through the center of the dark image which is
consistent with the fact that the image shown actually represents the focus created on the
shadow side of the spherical particle. The X coordinate of the spherical particle image
center in the image plane equals -0.280, -0.380, -0.500 and -0.620, respectively, when the
spherical particle is placed at D /16 , D / 8 , 3D /16 and D / 4 on the X axis. For the
corresponding on-axis arrangement, the X coordinate of the spherical particle image
center equals -0.160. The X coordinate of the spherical particle image center varies
almost linearly as a function of the X coordinate of the spherical particle center.
As the image of the spherical particle is created by the scattered electromagnetic
field from the spherical particle, the circular spherical particle image is still observable
even though the off-axis displacement of the spherical particle is relatively large, e.g.
D / 4 , which is different from the plane wave illumination case. The diameter of the

spherical particle image in the image plane increases slightly as the spherical particle
displaces along the positive X axis and equals 0.5895, 0.6111, 0.6715 and 0.7038,
respectively. The maximum electric field magnitude of the spherical particle image
slightly decreases as the spherical particle moves along the positive X axis, which is
consistent with the increase of the image diameter, and equals 7.3297 ×10−2 ,
7.0639 ×10−2 , 6.5631×10−2 and 6.3498 ×10−2 , respectively.
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7.3.4 Gaussian beam waist radius
The effect of the beam waist radius on the spherical particle image property is
studied. In the following computations, the 10λ diameter, 1.0 R / D ratio microlens is
placed at the origin and the 2λ diameter non-absorptive spherical particle is placed at 4.0 on the Z axis. The incident monochromatic TEM00 mode Gaussian beam
illumination propagates along the positive X axis with its beam waist at the spherical
particle center. Five different beam waist radiuses are considered for comparison and are
0.50, 0.75, 1.00, 1.25 and 1.50.
For these five different arrangements, the electric field magnitude distributions in
the image plane are similar with that shown in Fig. 7.13 and thus are not shown
exclusively. Instead the corresponding electric field magnitude profiles along the X axis
of the image plane are shown together in Fig. 7.17. The arrow in the plot indicates the
direction that the beam waist radius increases. As shown, the electric field profiles for the
five different arrangements are similar and the only difference is that the maximum
electric field magnitude in the image plane gradually increases and approaches a limit as
the beam waist radius increases.
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Fig. 7.17: Electric field magnitude profiles along the X axis of the image plane. The
incident beam waist radius increases along the arrow direction.
7.3.5 Off-axis Gaussian beam illumination
The effect of the off-axis monochromatic TEM00 mode Gaussian beam
illumination on the imaging property of the spherical particle is discussed. In the
following discussions, the 10λ diameter, 1.0 R / D ratio microlens is placed at the origin
and the 2λ diameter non-absorptive spherical particle is placed at -4.0 on the Z axis. The
incident monochromatic TEM00 mode Gaussian beam illumination propagates along the
positive X axis with a beam waist radius of 1.0. Five different beam waist positions are
considered for comparison and are located at -3.0, -3.5, -4.0, -4.5, and -5.0 on the Z axis.
The corresponding electric field magnitude distributions in the image plane for the
five different beam waist position Gaussian beam illuminations have a similar
distribution pattern but a different electric field magnitude. The corresponding electric
field magnitude profiles along the X axis of the image plane are plotted in Fig. 7.18 for
the five different arrangements. As shown, the maximum electric field magnitude in the
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image plane reaches the highest value only when the beam waist is placed at the spherical
particle center, and gradually decreases as the beam waist moves away from the spherical
particle. For the same absolute off-axis displacement from the spherical particle center,
the electric field magnitude in the image plane is much higher when the beam waist is
placed at the side of the spherical particle that is further away from the microlens. In
previous discussions, the beam waist is placed at the spherical particle center to obtain
the most distinct image.

Fig. 7.18: Electric field magnitude profiles along the X axis of the image plane.
7.3.6 Spherical particle diameter
The effect of the spherical particle diameter on spherical particle imaging is now
considered. The 10λ diameter, 1.0 R / D ratio microlens is placed at the origin and the
non-absorptive spherical particle is placed at -4.0 on the Z axis as before. The
monochromatic TEM00 mode Gaussian beam illumination propagates along the positive
X axis. Its beam waist radius is 1.0 and the beam waist is placed at the spherical particle
center. In addition to the 2λ diameter spherical particle discussed before, another four
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different diameter spherical particles are considered for comparison, of which the
diameter can be 1λ , 1.5λ , 2.5λ and 3.0λ .
For these four different diameter spherical particles, the electric field magnitude
distributions in the X-Z plane are similar with that of the 2.0λ diameter spherical particle
shown in Fig. 7.13 and are not shown exclusively. As the spherical particle diameter
gradually increases from 1λ , the maximum electric field magnitude in the focus region
increases and the maximum electric field magnitude point slightly moves closer to the
microlens. The Z coordinate of the maximum electric field magnitude point equals 2.94,
2.92, 2.92, 2.90 and 2.86, respectively, for the five increasing diameter spherical
particles.
The image plane position is calculated using the geometrical imaging formula and
the microlens actual focal length. The corresponding electric field magnitude profiles
along the X axis of the image plane ( Z = 3.1773 ) are shown in Fig. 7.19. As shown, these
five profiles have a similar shape. As the spherical particle diameter increases, the
maximum electric field magnitude in the image plane also gradually increases and equals
2.197 ×10−2 , 4.987 ×10−2 , 7.410 ×10−2 , 8.872 ×10−2 and 10.106 ×10−2 , respectively.

Meanwhile, the circular fringe pattern moves along the negative X axis and the peak is
located at -0.06, -0.10, -0.16, -0.24 and -0.32 on the negative X axis, respectively. The
image diameter also increases and equals 0.5656, 0.5636, 0.5862, 0.5864 and 0.6090,
respectively. For the above arrangements, the magnification coefficient calculated using
the geometrical imaging formula with the microlens actual focal length equals 0.7868.
The magnification coefficient which is calculated by the ratio of the image diameter to
the object diameter is significantly different and equals 2.4491, 1.6270, 1.2692, 1.0157,
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and 0.8790, respectively. The magnification coefficient which is calculated by the ratio of
the X coordinate of the image center to the spherical particle radius better matches that
calculated using the geometrical imaging formula and equals 0.5196, 0.5774, 0.6928,
0.8314 and 0.9238, respectively.

Fig. 7.19: Electric field magnitude profiles along the X axis of the image plane.
7.4 5λ and 20λ diameter microlens
The imaging properties of the 5λ and 20λ diameter microlenses are investigated
in the same way and are found to be similar with that of the 10λ diameter microlens. The
off-axis spherical particle is detectable. The spherical particle and its image always move
in the inverse directions. The object and image distances can be closely related using the
geometrical imaging formula with the microlens actual focal length. For the 5λ and 20λ
diameter microlenses, the typical electric field magnitude distributions in the X-Z plane
with monochromatic plane wave and TEM00 mode Gaussian beam illumination are
shown in Appendix T & U and Appendix V & W, respectively. The imaging properties of
other three different profile microlenses are similar with that of the 1.0 R / D ratio
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microlens and not further discussed.
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Chapter 8. Summary and Future Work

8.1 Summary
In this work, the optical properties of the microlens optical system are
investigated using the full-field Separation-of-Variables method (SVM) in the oblate
spheroidal coordinate system by calculating the electromagnetic field distributions inside
of and adjacent to the microlens optical system. The optical properties are also compared
with that of the corresponding geometrical optical system. It is shown that the microlens
optical system has similar optical properties as the geometrical optical system, and the
classic geometrical optics theory, e.g. the lens combination, the beam transformation and
the imaging, can be modified to approximately describe the corresponding optical
properties of the microlens optical system.
As the microlens aperture is comparable with the incident illumination
wavelength, the diffraction effect through the microlens aperture dominates and makes
the microlens actual focal length much shorter than its corresponding geometrical focal
length predicted by the geometrical optics theory. In the beginning of Chapter 3, the
focusing property of a single symmetric biconvex microlens with normal monochromatic
plane wave illumination is investigated using the SVM in the oblate spheroidal
coordinate system. Microlenses of three different diameter ( 5λ , 10λ and 20λ ) and four
different profiles are considered for comparison. It is shown that for the same profile
microlens, the microlens actual focal length gradually increases and approaches the
microlens geometrical focal length as the microlens diameter increases. The microlens
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focusing property with small incident angel monochromatic plane wave illumination is
also discussed.
With monochromatic TEM00 mode Gaussian beam illumination, a transmitted
beam waist is created on the shadow side of the microlens, which is similar to
geometrical optics. The microlens actual focal length is shown to be an important
microlens focusing characteristic. The transmitted beam waist position through the
microlens calculated using the RRM [54] with the microlens actual focal length, closely
matches the exact value determined using the SVM. While using the microlens
geometrical focal length, the calculated beam waist position is significantly different
from the exact value. However, the transmitted beam waist radius calculated using the
RRM with the geometrical focal length is found to better match the exact value. The
effects of the off-axis displacement of the incident Gaussian beam illumination on the
transmitted beam characteristics are also investigated.
In Chapter 4, the axial combination property of dual symmetrical biconvex
microlenses with normal monochromatic plane wave illumination is investigated. The
microlens axial combination property is shown to be similar with that of the geometrical
optics. Due to the relative strong diffraction effect, multi-focuses exist on the shadow
side of the dual microlenses optical system. The formation and the characteristics of these
focuses are analyzed for different axial combination arrangements. The application of
axial combining of dual different diameter and profile microlenses to improve the
focusing characteristics is also discussed. In Chapter 5, the beam transformation property
through dual symmetrical biconvex microlenses are investigated. It is shown that the
RRM can still be used to approximately calculate the transmitted beam waist position
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through the dual microlenses optics system. The interference effect between dual parallelarranged microlenses is investigated in Chapter 6 and it is found that for the symmetrical
biconvex microlens the interference effect is negligible even though the dual microlenses
are placed very close with each other.
In Chapter 7, the imaging properties of a single symmetrical biconvex microlens
are investigated by studying the image of a transparent spherical particle with
monochromatic plane wave and TEM00 mode Gaussian Beam illumination. The
microlens imaging property is found to be similar with that of geometrical optics. The
object and its image always move in inverse directions. For both type of illuminations, it
is shown that the object distance and the image distance can be approximately related
using the geometrical imaging formula with the microlens actual focal length. The effects
of the spherical particle diameter, the off-axis displacement of the spherical particle, the
absorption coefficient of the spherical particle and the illumination characteristics on the
microlens imaging properties are investigated and discussed.

8.2 Future work
The optical properties of a microlens optical system including the focusing, beam
transformation, axial combination, interference and imaging properties, are investigated
using the SVM in the oblate spheroidal coordinate system. The investigation only
discusses some typical arrangements and settings. The following research topics can be
considered in the future work:
1. Only 5λ , 10λ and 20λ diameter microlenses are considered for investigation
in this work. The future work could consider focusing properties of larger diameter
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microlens and determine for what diameter microlens the diffraction effect is negligible
and the actual focal length is the same as the geometrical focal length.
2. The microlens used in this work has a symmetrical biconvex profile. Different
profile microlenses can be considered for future investigation, e.g., the plano-convex, the
concave-plano, and the biconcave.
3. The laser beam considered in this work has a TEM00 mode Gaussian profile.
Other different mode and profile illumination sources can also be used for illumination.
The beam transformation properties of these illumination sources are also of interest.
4. Only the imaging property of a single symmetrical biconvex microlens is
discussed. Future work could consider the imaging properties of microlens systems, e.g.,
the compound eye, superlens and wavefront sensor.
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[sin θ Eξ(i ) (ξ ,η , φ ) + cos θ Eη(i ) (ξ ,η , φ )] × Sl ',m (h ext ,η )e − jmφ dη dφ

(B1)

Eφ(i ) (ξ ,η , φ ) × Sl ',m (h ext ,η )e − jmφ dη dφ

(B2)

[sin θ H ξ(i ) (ξ ,η , φ ) + cos θ Hη(i ) (ξ ,η , φ )] × Sl ',m (h ext ,η )e − jmφ dη dφ

(B3)

H φ(i ) (ξ ,η , φ ) × Sl ',m (h ext ,η )e − jmφ dη dφ

(B4)
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(a)

(b)

(c)

(d)

Fig. C.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
(Y=0) with normal monochromatic Plane Wave illumination. D = 10λ , θinc = 0 and

θ pol = 0 . (a) R / D = 1.0 . (b) R / D = 1.5 . (c) R / D = 2.0 . (d) R / D = 2.5 . The four plots
are displayed using 32 levels between 0.0 and 7.26.
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(a)

(b)

(c)

(d)

Fig. D.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
(Y=0) with normal monochromatic Plane Wave illumination. D = 20λ , θinc = 0 and

θ pol = 0 . (a) R / D = 1.0 . (b) R / D = 1.5 . (c) R / D = 2.0 . (d) R / D = 2.5 . The four plots
are displayed using 32 levels between 0.0 and 13.25.
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(a)

(b)

(c)
Fig. E.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
(Y=0) with small incident angle monochromatic Plane Wave illumination. D = 10λ ,
R / D = 1.0 and θ pol = 0 . (a) θinc = 5 . (b) θinc = 10 . (c) θinc = 15 . The three plots are
displayed using 32 levels between 0.0 and 7.06.
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Fig. E.2: Electric field magnitude profiles along the centerline of the focused illumination
for four different incident angle monochromatic Plane Wave illuminations.
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(a)

(b)

(c)
Fig. F.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
(Y=0) with small incident angle monochromatic Plane Wave illumination. D = 20λ ,
R / D = 1.0 and θ pol = 0 . (a) θinc = 5 . (b) θinc = 10 . (c) θinc = 15 . The three plots are
displayed using 32 levels between 0.0 and 12.65.
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Fig. F.2: Electric field magnitude profiles along the centerline of the focused illumination
for four different incident angle monochromatic Plane Wave illuminations.
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(a)

(b)

(c)
Fig. G.1: Plots of the transmitted beam waist position as a function of the incident
Gaussian beam waist position. D = 5λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. G.2: Plots of the maximum electric field magnitude of the transmitted beam waist as
a function of the incident beam waist position. D = 5λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c)
w0 = D / 6 .
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(a)

(b)

(c)
Fig. G.3: Plots of the magnification coefficient as a function of the incident beam waist
position. D = 5λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. H.1: Plots of the transmitted beam waist position as a function of the incident
Gaussian beam waist position. D = 10λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. H.2: Plots of the maximum electric field magnitude of the transmitted beam waist as
a function of the incident Gaussian beam waist position. D = 10λ . (a) w0 = D / 3 . (b)
w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. H.3: Plots of the magnification coefficient as a function of the incident beam waist
position. D = 10λ . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. I.1: Grey-level plots of the electric field magnitude distribution of microlens in the
X-Z plane (Y=0) with off-axis normal monochromatic TEM00 mode Gaussian beam
illumination. D = 10λ , R / D = 1.5 , w0 = D / 3 , θinc = 0 and θ pol = 0 . The incident
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beam waist is located at (a) ( D / 20 , −2D ), (b) ( 2 D / 20 , −2D ) and (c) ( 3D / 20 , −2D ).
The three plots are displayed using 32 levels between 0.0 and 2.34.

(a)

(b)

(c)
Fig. I.2: Electric field magnitude profiles along the X axis for four different off-axis
displacement illuminations. Y=0. (a) Z=2.44. (b) Z=4.00. (c) Z=6.00.
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Table I.1: Characteristics of the transmitted beam waist for different off-axis
displacement illuminations.
Off-axis displacement
(X,Z) coordinate Beam waist radius / λ
Emax
0.0
2.3458
(0.0, 2.44)
1.2930
2.3338
(0.0, 2.44)
1.3067
D /12
2.2995
(0.0, 2.40)
1.3370
2 D /12
2.2437
(0.0, 2.36)
1.3696
3D /12
Table I.2: Propagation angle of the transmitted beam waist for different off-axis
displacement illuminations.
Off-axis displacement Propagation angle of the transmitted beam
D /12

1.14

2 D /12

2.29

3D /12

4.00
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(a)

(b)

(c)
Fig. J.1: Grey-level plots of the electric field magnitude distribution of microlens in the
X-Z plane with off-axis normal monochromatic TEM00 mode Gaussian Beam
illuminations. D = 20λ , R / D = 1.5 , w0 = D / 3 , θinc = 0 and θ pol = 0 . The incident
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beam waist is located at (a) ( D / 20 , −2D ), (b) ( 2 D / 20 , −2D ) and (c) ( 3D / 20 , −2D ).
The plots are displayed using 32 levels between 0.0 and 4.04.

(a)

(b)

(c)
Fig. J.2: Electric field magnitude profiles along the X axis for four different off-axis
displacement illuminations. Y=0. (a) Z=2.92, (b) Z=5.00 and (c) Z=7.00.
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Table J.1: Characteristics of the transmitted beam waist for different off-axis
displacement illuminations.
Off-axis Displacement Emax
(X,Z) Coordinate Beam waist radius / λ
0.0
4.0622
(0.0, 2.92)
1.5565
4.0389
(0.0, 2.92)
1.5797
D /12
3.9682
(0.0, 2.92)
1.6253
2 D /12
3.8489
(0.0, 2.92)
1.8067
3D /12
Table J.2: Propagation angle of the transmitted beam waist for different off-axis
displacement illuminations.
Off-axis displacement Propagation angle of transmitted beam
D /12

5.57

2 D /12

6.14

3D /12

6.84
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(a)

(b)

(c)
Fig. K.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 1.0 . (a) Z 2 = 1.08 . (b)
Z 2 = 1.48 . (c) Z 2 = 1.88 . The plots are displayed using 32 levels between 0.0 and 10.75.
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(a)

(b)

(c)
Fig. K.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 1.0 . (a) Z 2 = 4.68 . (b)
Z 2 = 5.08 . (c) Z 3 = 6.28 . The plots are displayed using 32 levels between 0.0 and 5.12.

204

Fig. K.3: Plot of the focus position as a function of the 2nd microlens position. D = 10λ
and R / D = 1.0 .

Fig. K.4: Plot of the magnification coefficient of the 2nd microlens as a function of the 2nd
microlens position. D = 10λ and R / D = 1.0 .
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(a)

(b)

Fig. L.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ and R / D = 1.0 . (a) Z 2 = 1.04 . (b)
Z 2 = 1.44 . The plots are displayed using 32 levels between 0.0 and 7.20.
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(a)

(b)

(c)
Fig. L.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ and R / D = 1.0 . (a) Z 2 = 4.24 . (b)
Z 2 = 5.04 . (c) Z 2 = 7.04 . The plots are displayed using 32 levels between 0.0 and 3.50.
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Fig. L.3: Plot of the focus position as a function of the 2nd microlens position. D = 5λ
and R / D = 1.0 .
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(a)

(b)

(c)
Fig. M.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 2.5 . (a) Z 2 = 0.48 . (b)
Z 2 = 0.88 . (c) Z 2 = 1.28 . The plots are displayed using 32 levels between 0.0 and 8.26.
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(a)

(b)

(c)
Fig. M.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 2.5 . (a) Z 2 = 4.48 . (b)
Z 2 = 6.08 . (c) Z 3 = 7.68 . The plots are displayed using 32 levels between 0.0 and 6.00.
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Fig. M.3: Plot of the focus position as a function of the 2nd microlens position. D = 10λ
and R / D = 2.5 .

Fig. M.4: Plot of the magnification coefficient of the 2nd microlens as a function of the 2nd
microlens position. D = 10λ and R / D = 2.5 .
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(a)

(b)

(c)
Fig. N.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ and R / D = 2.5 . (a) Z 2 = 0.40 . (b)
Z 2 = 0.80 . (c) Z 2 = 1.20 . The plots are displayed using 32 level between 0.0 and 5.2.
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(a)

(b)

(c)
Fig. N.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ and R / D = 2.5 . (a) Z 2 = 4.40 . (b)
Z 2 = 6.40 . (c) Z 2 = 8.40 . The plots are displayed using 32 levels between 0.0 and 4.40.
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Fig. N.3: Plot of the focus position as a function of the 2nd microlens position. D = 5λ
and R / D = 2.5 .

Fig. N.4: Plot of the magnification coefficient of the 2nd microlens as a function of the 2nd
microlens position. D = 5λ and R / D = 2.5 .
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(a)

(b)

(c)
Fig. O.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ . R / D = 1.0 for the 1st microlens and
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2.5 for the 2nd microlens. (a) Z 2 = 0.80 . Emax = 6.0827 . (b) Z 2 = 1.00 . Emax = 6.2122 . (c)
Z 3 = 1.20 . Emax = 5.8570 . The plots are displayed using 32 levels between 0.0 and 6.22.

(a)

(b)

(c)
Fig. O.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 5λ . R / D = 2.5 for the 1st microlens and
1.0 for the 2nd microlens. (a) Z 2 = 0.7071 . Emax = 6.2175 . (b) Z 2 = 0.8940 .
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Emax = 6.4482 . (c) Z 2 = 1.0706 . Emax = 6.8437 . The plots are displayed using 32 levels
between 0.0 and 6.86.

(a)

(b)

(c)
Fig. O.3: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ . R / D = 1.0 for the 1st microlens and
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2.5 for the 2nd microlens. (a) Z 2 = 0.80 . Emax = 8.1978 . (b) Z 2 = 1.20 . Emax = 8.5949 . (c)
Z 2 = 1.60 . Emax = 7.8562 . The plots are displayed using 32 levels between 0.0 and 8.60.

(a)

(b)

(c)
Fig. O.4: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ . R / D = 2.5 for the 1st microlens and
1.0 for the 2nd microlens. (a) Z 2 = 0.7071 . Emax = 9.0622 . (b) Z 2 = 1.0606 .
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Emax = 10.3014 . (c) Z 2 = 1.4141 . Emax = 10.3280 . The plots are displayed using 32 levels
between 0.0 and 10.35.
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(a)

(b)

Fig. P.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 2.5 for the 1st microlens.
(a) D = 10λ and R / D = 1.0 for the 2nd microlens. Z 2 = 2.4846 . Emax = 17.0846 .
di = 0.1412 . (b) D = 10λ and R / D = 2.5 for the 2nd microlens. Z 2 = 2.1311 .
Emax = 12.2042 . di = 0.1845 . The plots are displayed using 32 levels between 0.0 and
17.10.
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(a)

(b)

Fig. P.2: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 20λ and R / D = 2.5 for the 1st microlens.
(a) D = 5λ and R / D = 1.0 for the 2nd microlens. Z 2 = 3.1916 . Emax = 17.9848 .
di = 0.1319 . (b) D = 5λ and R / D = 2.5 for the 2nd microlens. Z 2 = 2.8381 .
Emax = 12.5507 . di = 0.1674 . The plots are displayed using 0.0 and 18.00.
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(a)

(b)

Fig. P.3: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 1.0 for the 1st microlens.
(a) D = 5λ and R / D = 1.0 for the 2nd microlens. Z 2 = 1.20 . Emax = 10.8160 .
di = 0.2708 . (b) D = 5λ and R / D = 2.5 for the 2nd microlens. Z 2 = 1.20 . Emax = 9.6255 .
di = 0.2966 . The plots are displayed using 32 levels between 0.0 and 10.85.
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(a)

(b)

Fig. P.4: Grey-level plots of the electric field magnitude distribution in the X-Z plane for
the axial combination of dual microlenses. D = 10λ and R / D = 2.5 for the 1st microlens.
(a) D = 5λ and R / D = 1.0 for the 2nd microlens. Z 2 = 2.4846 . Emax = 11.1765 .
di = 0.2614 . (b) D = 5λ and R / D = 2.5 for the 2nd microlens. Z 2 = 1.7776 .
Emax = 8.7063 . di = 0.3045 . The plots are displayed using 32 levels between 0.0 and
11.20.
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(a)

(b)

(c)
Fig. Q.1: Plot of the transmitted beam waist position as a function of the 2nd microlens
position. D = 5λ , R / D = 1.0 . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. Q.2: Plot of the magnification coefficient as a function of the 2nd microlens position.
D = 5λ , R / D = 1.0 . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. R.1: Plot of the transmitted beam waist position as a function of the 2nd microlens
position. D = 10λ , R / D = 1.0 . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)
Fig. R.2: Plot of the magnification coefficient as a function of the 2nd microlens position.
D = 10λ , R / D = 1.0 . (a) w0 = D / 3 . (b) w0 = D / 4 . (c) w0 = D / 6 .
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(a)

(b)

(c)

(d)

Fig. S.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic Plane Wave illumination (without the
Plane Wave field background). D = 10λ , R / D = 1.0 , θinc = 0 , θ pol = 0 . Dsphere = 2λ .
Z sphere = −4.0 . (a) X sphere = D /16 . (b) X sphere = D / 8 . (c) X sphere = 3D /16 . (d)
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X sphere = D / 4 . The plot is displayed using 32 levels between -1.14 and 3.10.

(a)

(b)

(c)

(d)

Fig. S.2: Grey-level plots of the electric field magnitude distribution in the X-Y plane
( Z = 3.1773 ) with 0 angle of incidence monochromatic Plane Wave illumination (with
the Plane Wave field background). D = 10λ , R / D = 1.0 , θinc = 0 , θ pol = 0 . Dsphere = 2λ .
Z sphere = −4.0 . (a) X sphere = D /16 . (b) X sphere = D / 8 . (c) X sphere = 3D /16 . (d)
X sphere = D / 4 . The plots are displayed using 32 levels between 0.0 and 4.0.
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(a)

(b)

(c)

(d)

Fig. S.3: Grey-level plots of the electric field magnitude distribution in the X-Y plane
( Z = 3.1773 ) with 0 angle of incidence monochromatic Plane Wave illumination
(without the Plane Wave field background). D = 10λ , R / D = 1.0 , θinc = 0 , θ pol = 0 .
Dsphere = 2λ . Z sphere = −4.0 . (a) X sphere = D /16 . (b) X sphere = D / 8 . (c) X sphere = 3D /16 .
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(d) X sphere = D / 4 . The plot is displayed using 64 levels between -2.0 and 1.0. The black
solid circle represents the image boundary predicted using the geometrical imaging
theory.
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(a)

(b)

(c)
Fig. T.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic Plane Wave illumination (without the
Plane Wave field background). D = 5λ , R / D = 1.0 , θinc = 0 , θ pol = 0 . Dsphere = 1λ .
X sphere = 0.0 . (a) Z sphere = −3.0 . The plot is displayed using 32 levels between -0.405 and
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1.085. (b) Z sphere = −3.5 . The plot is displayed using 32 levels between -0.310 and 1.125.
(c) Z sphere = −4.0 . The plot is displayed using 32 levels between -0.275 and 1.175.
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(a)

(b)

(c)
Fig. U.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 0 angle of incidence monochromatic Plane Wave illumination (without the
Plane Wave field background). D = 20λ , R / D = 1.0 , θinc = 0 , θ pol = 0 . Dsphere = 4λ .
X sphere = 0.0 . (a) Z sphere = −4.0 . The plot is displayed using 64 levels between -0.840 and
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5.100. (b) Z sphere = −5.0 . The plot is displayed using 64 levels between -0.960 and 4.740.
(c) Z sphere = −6.0 . The plot is displayed using 64 levels between -1.180 and 5.140.
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(a)

(b)

(c)
Fig. V.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 90 angle of incidence monochromatic TEM00 mode Gaussian beam
illumination. D = 5λ , R / D = 1.0 , θinc = 90 , θ pol = 0 . Dsphere = 1λ . X sphere = 0.0 . (a)
Z sphere = −4.0 . (b) Z sphere = −5.0 . (c) Z sphere = −6.0 . The plot is displayed using 64 levels
between 0.0 and 0.0342.
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(a)

(b)

(c)
Fig. W.1: Grey-level plots of the electric field magnitude distribution in the X-Z plane
( Y = 0 ) with 90 angle of incidence monochromatic TEM00 mode Gaussian beam
illumination. D = 20λ , R / D = 1.0 , θinc = 90 , θ pol = 0 . Dsphere = 4λ . X sphere = 0.0 . (a)
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Z sphere = −4.0 . (b) Z sphere = −5.0 . (c) Z sphere = −6.0 . The plot is displayed using 64 levels
between 0.0 and 0.1125.

